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Dynamical activity universally bounds
precision of response in Markovian
nonequilibrium systems
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The exploration of far-from-equilibrium systems has been at the forefront of nonequilibrium
thermodynamics, with a particular focus on understanding the fluctuations and response of
thermodynamic systems to external perturbations. In this study, we introduce a universal response
kinetic uncertainty relation, which provides a fundamental trade-off between the precision of response
for generic observables anddynamical activity inMarkoviannonequilibriumsystems.Wedemonstrate
the practical applicability and tightness of the derived bound through illustrative examples. Our results
are applicable to a broad spectrum of Markov jump processes, ranging from currents to non-current
variables, from steady states to time-dependent driving, from continuous time to discrete time, and
including Maxwell’s demon or absolute irreversibility. Our findings not only enhance the theoretical
foundation of stochastic thermodynamics but also may hold potential implications for far-from-
equilibrium biochemical processes.

The out-of-equilibrium regime, characterized by systems subjected to
external driving forces or gradients, presents a particularly intriguing
domain for stochastic thermodynamics1–3. A fundamental and remarkable
principle recently emerged in this regime is the thermodynamic uncertainty
relation (TUR)4,5

J2

hhJii ≤
σ

2
; ð1Þ

where J is the ensemble-averaged time-integrated nonequilibrium current,
〈〈 ⋅ 〉〉 represents the variance of a randomvariable, and σ is the total entropy
production (EP) characterizing thermodynamic dissipation defined
explicitly in Eq. (6). The conventional TUR (1) has been proved true for
the nonequilibrium steady state (NESS) of Markov processes5, but not tight
for systemswith a discrete-state space6. This indicates that the EP alonemay
not be adequate to bound the fluctuations of the system fully. For systems
that are significantly far from equilibrium, it is essential to consider non-
dissipative factors as well. A key metric found in this context is the
dynamical activity (DA)7–11, which represents the average number of state
transitions occurred in a stochastic process thus characterizing the kinetics.
The notion of DA originates from the development of nonequilibrium
phase transitions12–15 and has an intimate relationship with thermo-kinetic
responses to external perturbations14,16. In parallel to the TUR, it has been
proved for the time-homogeneous Markov jump process that the precision

of a current J is also boundedby the kinetic uncertainty relation (KUR)17 (see
also refs. 18–20),

J2

hhJii ≤A; ð2Þ

where A is the DA7–11,21. The TUR (1) and the KUR (2) have com-
plementary roles and they can be derived from a unified thermodynamic-
kinetic uncertainty relation (TKUR)6.

These relations quantify the trade-offs between intrinsic fluctuations
and thermodynamic quantities or system dynamics, providing profound
insights into the properties of systems operating out-of-equilibrium. It is
also worth noting that the importance of the thermodynamic limitation is
more pronounced near equilibrium, whereas the kinetic bound pre-
dominantly dictates the precision of currents in the far-from-equilibrium
regime6. This fact suggests the significance of the DA for systems far away
from equilibrium21–23.

Concurrently, the development of finding fundamental principles
characterizing nonequilibrium systems’ static response to external pertur-
bations is also prosperous24–30 (see Fig. 1 for a schematic illustration), apart
from the seminal fluctuation-dissipation relation31,32 and its generalizations
in the far-from-equilibrium regime8,33–41. Notably, a response thermo-
dynamic uncertainty relation (R-TUR) valid for the NESS of a homo-
geneous Markov jump process have been proposed very recently42,43,
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expressed as:

dθJ
� �2
hhJii ≤

b2maxσ

2
: ð3Þ

Here, dθJ := dJ(θ)/dθ is the static response of the current J to the perturbation
in the control parameter θ and bmax ¼ maxijjdθBijj is the maximal rate of
change in kinetic barriers, with the transition rate parameterized by θ as

Wθ
ij ¼ eBijðθÞþSij=2; ð4Þ

where the symmetric partBij(θ) is the kinetic barrier and the anti-symmetric
part Sij is the entropy change associatedwith the jump from j to i. The kinetic
barrier can be controlled by, e.g., the enzyme concentration in biochemical
processes44 or gate voltages in nanoelectronics45,46, and the anti-symmetric
part corresponds to thermodynamic forces such as chemical potential
gradient1. This R-TUR cannot be derived from the conventional TUR (1),
but it instead implies the TUR and offers a tighter bound on the dissipation.

A natural and compelling question arises: Does there exist a counter-
part of the R-TUR (3) in terms of the DA? In other words, is there a
fundamental relationship between the precision of response and theDA? In
this work, we answer this question by establishing a rigorous response
kinetic uncertainty relation (R-KUR)—a trade-off between the precision of
the response of generic observables to arbitrary perturbations and the DA
[c.f. inequality (7)] as a complementary butmore general counterpart of the
R-TUR.We illustrate the strength and tightness of our boundwith concrete
examples. The R-KUR applies to arbitrary Markov jump processes,
extending the scope of perturbation from kinetic to arbitrary, fromNESS to
time-dependent driving, from currents to non-current variables, from
continuous-time to discrete jumps, and including processes withMaxwell’s
demon or unidirectional transitions.

Results and discussion
Setup and main result
Consider a stochastic Markov jump process with discrete states. The
dynamics of the probability distribution are described by the master
equation47

dpiðtÞ
dt

¼
X
j

WijðtÞpjðtÞ ¼
X
j;ν

Wν
ijðtÞpjðtÞ; ð5Þ

where pi(t) is the probability of state i at time t,Wν
ijðtÞ, for i ≠ j, is the time-

dependent transition rate from state j to state i via channel ν (e.g., by
coupling with the νth reservoir), andWijðtÞ ¼

P
νW

ν
ijðtÞ. By conservation

of probability, the escape rate of leaving a state i is thenWii =−∑j(≠i)Wij.

With themaster equation, the total EP for an interval [0, τ] is explicitly given
by48,49

σ ¼
Z τ

0
dt
X
i≠j;ν

Wν
ijðθ; tÞpjðtÞ ln

Wν
ijðθ; tÞpjðtÞ

Wν
jiðθ; tÞpiðtÞ

: ð6Þ

The transition rate has a general form asWν
ij ¼ expðBν

ij þ Eν
j þ Sνij=2Þ,

where Bν
ij is the symmetric part, Eν

j is the vertex part, and Sνij is the anti-
symmetric contribution25. Each of these three contributions can be con-
trolled independently.Different expressions of themcorrespond todifferent
types of transition rates, such as the Arrhenius type50, the phenotypic
transition rates51, and the phonon spectral type52. We generically para-
meterize the transition rates asWν

ijðθ; tÞ, where θ is the control parameter.
The only requirement is that the control parameter θ does not explicitly
depend on the time t.

As proved in Methods, using the Cramér-Rao inequality yields the
main result

ð∂θOÞ2
hhOii ≤ a2maxA; ð7Þ

where O is an arbitrary observable that is not necessarily a current or an
absolute counting variable,

amax :¼ max
i≠j;ν;t2½0;τ�

j∂θ lnWν
ij ðθ; tÞj ð8Þ

is a generalization of bmax in the R-TUR (3), and A is the ensemble-
averaged time-integrated DA defined explicitly as21

A :¼
Z τ

0
dt
X
i≠j

Wijðθ; tÞpjðtÞ: ð9Þ

We introduce the sensitivity as ∂θ lnO :¼ ∂θO=O
28, and define the

relative precision as the ratio of the square of the average O2 to its variance
〈〈O〉〉 as appeared in the TUR and the KUR. Inequality (7) is recast into

ð∂θ lnOÞ2 �
O2

hhOii ≤ a
2
maxA: ð10Þ

It has a clear physical meaning: enhancing sensitivity and precision neces-
sarily entailsmore frequent jumps. It also indicates that for a givenstochastic
dynamics (fixed frequency of transitions), high sensitivity to the change in a
control parameter implies large fluctuations or low precision.

By comparing inequalities (3) and (7), the R-KUR can be regarded as a
complementary counterpart of the R-TUR in terms of the DA, yet trans-
cending its limitation on perturbations of the kinetic barrier or time-
independent transition rates. In fact, the R-KUR can be applied to arbitrary
Markov jump processes as summarized in Table 1 and does not necessitate
perturbations to the driving speed or observation time, making it more
versatile in applications. We also note that the R-KUR is valid for any
process that can be described by the master equation (5), without being
restricted to thermodynamic systems. Thermodynamic interpretation can
be attained by introducing local detailed balance conditions for transition
rates, namelyWν

ij expð�βνω
ν
j Þ ¼ Wν

ji expð�βνω
ν
i Þ, where βν is the inverse

temperature of the νth reservoir andων
i :¼ ϵi � μνNi is the grand potential

associated with the νth reservoir, with ϵi being the energy level of the ith
inner state of the system, μν the chemical potential of the νth reservoir, and
Ni the number of particles in state i of the system53,54.

Examples
Example 1: one-dimensional biased random walk. We illustrate our
R-KUR (7) in a one-dimensional (1D) biased randomwalk onZ, which is
a successful model describing the dynamics of molecular motors in bio-
systems, such as the kinesin moving on cytoskeletal polymer

Fig. 1 | Monte Carlo simulation of a time-integrated current J during the
relaxation process of time t of a three-state model.We use blue color to depict the
process with a certain value of the control parameter θ and use red color for a
perturbed control parameter θ + dθ. The two thick curves represent the average
current and each thin curve is a stochastic trajectory. The deviation of the average
values represents dJ due to a change dθ.
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microtubules55–57. It is important to understand its transport
properties58–63. We can study the response of the transport velocity of a
molecular motor to an external perturbation via our bound (7).

Suppose that a randomwalker jumps from theposition i to theposition
i ± 1 at anArrhenius-type rate k± :¼ expðθ ± α=2Þ50, with θ > 0 being the
symmetricKramer’s rate64 controlled by the potential barrier height, and the
anti-symmetric part α > 0 determined by an external potential gradient.
The observable is chosen as the current J that flows from the negative
direction to the positive direction in the NESS. We first introduce a per-
turbation in the control parameter θwhile keeping α fixed. As calculated in
Methods, we find that the R-TUR (3) becomes exactly the same as the
inequality (4) in the original paper of the TUR4. It is explicitly written as

ðdθJðθÞÞ2
hhJii ¼ τeθ

e
α
2 � e�

α
2

coth α
2

≤
σ

2
: ð11Þ

Hence, the R-TUR (3) indeed holds. The validity of the R-KURbound (7) is
checked as well:

ðdθJðθÞÞ2
hhJii ¼ τeθðeα2 � e�

α
2Þ2

e
α
2 þ e�

α
2

≤A: ð12Þ

While the R-TUR (3) is limited to the response to changes in the
symmetric part of the transition rates, namely B in W rather than S, our
bound (7) does not impose such a restriction. This greatly enhances the
applicability and strength of our result. Suppose that we are now interested
in the response to the change in α rather than θ. We first check the R-KUR
(7). It yields

ðdαJðαÞÞ2
hhJii ¼ τeθ

4
ðeα2 þ e�

α
2Þ ¼ A

4
¼ a2maxA: ð13Þ

Surprisingly, the R-KUR attains its equality. We then examine the R-TUR
(3). For this bound to hold, the following inequality must be satisfied:

ðdαJðαÞÞ2
hhJii ¼ τeθ

4
ðeα2 þ e�

α
2Þ≤ τeθα

8
ðeα2 � e�

α
2Þ; ð14Þ

which requires α > 2.399. Therefore, the R-TUR is possibly broken while
0 < α < 2.399. We perform numerical simulations for the above 4 inequal-
ities in Fig. 2 by sampling θ, α, and τ∈ [0, 10] for 105 data points.We define
the efficiency of the bound η :¼ ð∂θOÞ2=hhOiia2maxA for the R-KUR and
η :¼ 2ð∂θOÞ2=hhOiia2maxσ for theR-TUR.The validity of the bound implies
η ≤ 1; the closer η is to 1, the tighter the bound is.

We provide several remarks based on this minimal example. It has
been proved that neither the TUR nor the KUR can attain equality in a
discrete-state system6. The equality can be achieved only for systems with a
continuous state space, such as overdampedLangevin systems.On the other
hand, the optimized R-TUR remains an inequality, albeit tighter than the
conventional TUR, and the condition for equality is elusive42. In this
example, it is clear that our R-KUR can achieve equality even in a discrete-
state system, implying its tightness compared to previous bounds. We
mention that another bound that can attain equality in a discrete-state
system is the unified TKUR6. Since the equality in the R-KUR holds in this
example, it is clear that the R-KUR cannot be implied by the conventional
KUR (2).Actually, if the transition rates canbe parameterized as inEq. (4), it
is straightforward to derive the KUR from R-KUR by following a similar
procedure in ref. 42. However, for generically parameterized rates, it
remains open whether the R-KUR implies the KUR.

Example 2: two-level system coupled with two heat baths. The
second example involves a two-level system in contact with two baths at
different temperatures. As schematically depicted in Fig. 3a, the energy
gap is denoted by Δ. We assume the local detailed balance condition
Wν

01=W
ν
10 ¼ eβνΔ for each bath ν(=c, h) with inverse temperature βν.

Suppose that external control can manipulate the energy gap Δ as a
function of time t

Δðε; tÞ ¼ εðC þ st þ a sinωtÞ: ð15Þ

Here, only the global amplitude ε is the parameter to be perturbed, while
others are kept constant in a specific realization.

We focus on two key observables: one is the time-integrated current
flowing into the cold bath Je½ω� :¼

P
i≠jðncij½ω� � ncji½ω�Þ; the other is the

total number of transitions, or the traffic, induced by coupling to the cold
bath Ac

e½ω� :¼
P

i≠jn
c
ij½ω�, where ncij½ω� counts the total number of transi-

tions from state j to state i via channel c. Their average and variance are
calculated by full counting statistics (FCS). See “Methods” for details. In the
numerical simulation, we set Wc

10 ¼ Wh
10 ¼ 1, βh = 1. We randomly

sampled βc, ε,C, s, a,ω and the time duration τ. Figure 3b shows a plot of 105

data points for each observable, red for the current and blue for the counting
observable, with the efficiency of the bound η :¼ ð∂θOÞ2=hhOiia2maxA≤ 1
on the y-axis and the dissipation-activity ratio σ=A on the x-axis.

Table 1 | Comparison of the range of applicability for the TUR, the KUR, the R-TUR, and our R-KUR

NESS Relaxation Time-dependent driving Observable Equality attainability for discrete-state

TUR4,5(1) Yes No No Current No

KUR17–20(2) Yes Yes No Generic No

R-TUR42,43(3) Yes Unknown Unknown Current Unknown

R-KUR (7) Yes Yes Yes Generic Yes

The abbreviation NESS means the nonequilibrium steady state.

Fig. 2 | Numerical simulation of the efficiency of the bound η of the R-TURs and
the R-KURs as a function of the dissipation-activity ratio σ=A for Example 1.
Green, blue, red, and yellow curves represent the efficiency calculated by inequalities
(11)-(14) about the R-TUR and the R-KUR with perturbation in either the sym-
metric parameter θ or the anti-symmetric parameter α, respectively.
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The bound appears to have the potential to be saturated, particularly in
the far-from-equilibrium regime characterized by a large σ=A, indicating a
tighter bound on the response precision with greater departures from
equilibrium, similar to the KUR6. We mention that the R-TUR can be
broken in this model because the perturbation is not restricted to the
symmetric part of the transition rates. Another comment is that no quali-
tative distinction can be found in the numerical results for different types of
observables because the precision of response is bounded only by the
intrinsic kinetics of this process regardless of the structure of the chosen
observable. This also supports the claim that our R-KUR is valid for generic
observables without any restrictions.

Equality condition
Example 1 has demonstrated that the R-KUR can attain its equality. Here
we present another sufficient condition of equality. Consider the steady
state of a homogeneous Markov jump process with only one channel.
Inspired by ref. 65, we focus on the response around θ = 0. The para-
metrization takes a special form as WijðθÞ ¼ Wij expðθZijÞ for i ≠ j and
WjjðθÞ ¼ �PiWij expðθZijÞ, where Zij ¼ ðWijp

ss
j �Wjip

ss
i Þ=ðWijp

ss
j þ

Wjip
ss
i Þ (the superscript ss denotes steady-states) and Wij’s are unper-

turbed transition rates. The empirical observable should take the fol-
lowing form:

O½ω� ¼ JþI :¼
X
i≠j

dijðnij � njiÞ þ
X
i

qi

Z τ

0
dtδwðtÞ;i; ð16Þ

where dij :¼ ðWijp
ss
j �Wjip

ss
i Þ=ðWijp

ss
j þWjip

ss
i Þ and qj :¼ �PiWij

ðWijp
ss
j �Wjip

ss
i Þ=ðWijp

ss
j þWjip

ss
i Þ. The first term J is the time-

integrated current where nij is the number of jumps from state j to i. The
second term I is the so-called time-integrated empirical measure where
w(t) is the state of the system at time t. It is proved that the average of O
vanishes65.

The setting above saturates the Cauchy-Schwarz inequality (23) and
the generalized Cramér-Rao inequality since O½ω� ¼ ∂θ ln Pθ½ω�65 (see
“Methods” for definitions of the symbols). To attain the equality in
inequality (25), one further needs the condition that j∂θ lnWijðθÞj is a
constant, i.e., ∣Zij∣ is a constant, which is always valid for two-state systems
and can be satisfied for systems with more states.

Generalization
Ourmain result (7) can be extended tomany other situations. For example,
it is directly applicable to first-passage times66 of a Markov jump process.
The generalization to the case with multiple control parameters
Θ := {θ1, θ2, …, θM} is also straightforward67 given upon that all of these
parameters are independent of time t and each other. In the following, we
provide further details of the extensions to three important scenarios,
including Maxwell’s demon, discrete-time Markov chain, and system with
unidirectional transitions.

Feedback-controlled system. We consider a system controlled by
Maxwell’s demon in the context of information thermodynamics49,68,69.
We investigate a similar process as studied in the TUR for arbitrary initial
state49. Suppose that the state of the system S is probed by a meterM. A
measurement yields an outcome m with probability pm. The feedback
control suddenly changes the transition rate matrix from fWgij :¼P

νW
ν
ij to Wm depending on m. For simplicity, we assume that the

implementation of both the measurement and the feedback control are
implemented in infinitesimally short time intervals. We also assume
homogeneous Markov dynamics. The system then evolves with the new
conditional transition matrix Wm for a certain period τ. Finally, the
meter is reset to its default state, andwe repeat this process.We call such a
repeated operation a feedback loop. After many loops, the system S will
enter into a stroboscopic steady state pSSS(t), which satisfies
pSSS(t + τ) = pSSS(t), for t ∈ [0, τ]. It is thus allowed to derive the bound
within one feedback loop.

For this feedback-controlled process, the precision of response is
bounded from above by

ð∂θ lnOÞ2 �
O2

hhOii ≤
X
m

pma
2
m;maxAm ≤ a2maxA; ð17Þ

where Am :¼ R τ0 dtPi≠j;νW
ν
im;jmðθ; tÞpjjmðtÞ counts the number of tran-

sitions associated with an outcomem, pj∣m(t) is the conditional probability,
andA :¼PmpmAm is the total DA. The optimized constants are defined
as am;max :¼ maxi≠j;ν;t j∂θ lnWν

im;jmðθ; tÞj and amax :¼ maxm½am;max�. It
will be challenging and intriguing to generalize this result to continuous
measurement and continuous feedback control70,71.

Discrete-time Markov chain. The bound (7) can be generalized to an
inhomogeneous discrete-time Markov chain. Besides mathematics and
physics, a discrete-time Markov chain is an important model in many
other fields, such as financial markets72,73. The updating rule of the
probability is described as

PmðtiÞ ¼
X
n;ν

Tν
mnðθ; ti�1ÞPnðti�1Þ; ð18Þ

where Pm(ti) is the probability of the system being in statem at time ti, and
Tν
mnðθ; ti�1Þ is the transition probability from state n to state m through

channel ν at time ti−1 with a control parameter θ satisfying
0≤Tν

mnðθ; ti�1Þ≤ 1 and
P

m;νT
ν
mnðθ; ti�1Þ ¼ 1.

We prove in Methods that, for N steps,

ð∂θ lnOÞ2 �
O2

hhOii ≤
a2max

Tmin
A; ð19Þ

Fig. 3 | Numerical illustration with a two-level system coupled to two heat baths.
a Schematic of a two-level system S coupled with a cold heat bath and a hot bath
whose inverse temperatures are denoted as βc and βh, respectively. The energy gap
between the 2 levels 0 and 1 is Δ which can be controlled externally. The transitions
can be caused by coupling with either of the baths with 4 transition rates WhðcÞ

ij ,
i, j∈ {0, 1}. b Efficiency of the bound η versus the dissipation-activity ratio σ=A. Red
dots are plotted with a time-integrated current Jc flowing into the cold bath; blue dots
are plotted with the total number of transitions induced by coupling to the cold bath.
The bound tends to saturation with a large dissipation-activity ratio, indicating that
the tightness of the bound increases as the system increasingly deviates from the
equilibrium.
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where Tmin :¼ minm;t ½Tmmðθ; tÞ� 2 ð0; 1Þ is the minimal staying prob-
ability, amax :¼ maxm≠n;ν;t j∂θ lnTν

nmðθ; tÞj, and the DA is written explicitly
as74

A :¼
XN
i¼1

X
m≠n;ν

Pmðti�1ÞTν
nmðθ; ti�1Þ: ð20Þ

Absolute irreversibility. We finally consider Markov jump processes
involving absolute irreversibility75,76 such as the existence of absorbing
states. The transitions in these systems can be classified into bidirectional
and unidirectional transitions. The transition rates associated with a
bidirectional transition satisfy the condition that if Wν;ðbÞ

ij >0, then
Wν;ðbÞ

ji >0 must hold; a unidirectional transition means that if Wν;ðuÞ
ij >0,

thenWν;ðuÞ
ji must vanish. The R-KUR (7) is still valid because the DA can

now be written as

A :¼ AðbÞ þAðuÞ; ð21Þ
whereAðb=uÞ :¼ R τ0 dtPi≠jW

ðb=uÞ
ij pj is the traffic due to bidirectional/uni-

directional transitions, respectively. We notice that the discrete-time R-
KUR (19) also applies to absolutely irreversible systems74.

Conclusions
By establishing a fundamental relationship between the precision of
response and the DA, the R-KUR (7) paves the way for a deeper under-
standing of the inherent trade-offs in nonequilibriumprocesses, particularly
in the far-from-equilibrium regime. The broad applicability of the R-KUR,
as demonstrated through examples and various extensions, underscores its
potential applications ranging from biochemical processes (e.g., biochem-
ical sensing, switching, andmolecularmotors) to engineerednanostructures
operating away from equilibrium. Furthermore, the ability of the R-KUR to
achieve its equality in discrete-state systems highlights its strength and
tightness. The R-KUR is expected to serve as a foundation for developing
more comprehensive theories of complex systems under nonequilibrium
conditions.

Another feature of our results is that all involved quantities are
experimentallymeasurable.Quantities involved in various results derived in
stochastic thermodynamics, such as EP, DA, and the current statistics, can
be measured from the statistics of stochastic jumps77–80. It is worth men-
tioning that themeasurement ofDAcan sometimes bemore accessible than
that of EP, as the latter requires distinguishing the direction of jumps.
Candidates for physical implementation that allow stochastic trajectories to
be trackedwith a high resolution include a single defect center in diamond81,
single-electron boxes at low temperatures82,83, molecular motors84, NMR
setups85, nanoscale electronic conductors86, and superconducting NISQ
quantum processors87, etc.

Our results are derived from discrete-space Markov processes. It is
known that the overdamped Langevin equation can be regarded as the
continuous-space limit of themaster equation88,we therefore expect that the
R-KUR (7) is also applicable to overdamped Langevin systems. However,
although the DA has been studied in previous works15,16, the connection
between the Fisher information and the DA and the explicit formulation of
amax remain elusive. It is interesting and important to derive the explicit
expression of our bound for the overdamped Langevin equation because
some experiments in stochastic thermodynamics are implemented by a
continuous-space physical setup, such as the thermal rheometer and the
colloidal particles89–91. Finally, for underdamped scenarios, additional
modifications in the bound may be necessary due to the non-
Markovianity92.

Inequality (7) demonstrates a fundamental trade-off between sensi-
tivity and precision in stochastic systems. For a fixed number of transitions,
high sensitivity implies largefluctuationsor lowprecision.This is apparently
similar to the behavior of a thermodynamic systemin the vicinity of a critical
point where the susceptibility is extremely large, and the fluctuations of the
order parameter are also significant. On the other hand, due to the intimate

relationship between the DA and the nonequilibrium critical
phenomena12–15, exploring any potential connections between the R-KUR
(7) and thermodynamic phase transitions holds promise for intriguing
investigations. Our results may also be applied to the field of thermo-
dynamic inference, which has been attracting increasing interest in recent
years78,93–100. A scenario of potential interest involves the estimation of amax
in the absence of detailed model information, with the dynamical activity
readily accessible through the counting of transitions.

Note added: we have noticed ref. 101, which was uploaded to the
preprint server subsequent to our submission. Part of its main results is
congruent with applying our R-KUR to steady states. This attests to the
solidity of our work and indicates that the two studies are mutually
complementary.

Methods
Derivation of the R-KUR (7)
The mathematical foundation for deriving our bound is the generalized
Cramér-Rao inequality102. This inequality addresses scenarios where the
probability distribution of a random variable X depends on a parameter θ,
aiming to estimate the functionψ(θ) ofX throughanestimatorΨ(X).Hence,
〈Ψ(X)〉θ := ∫XdXΨ(X)Pθ(X) = ψ(θ). The generalized Cramér-Rao bound is
explicitly given by

hhΨiiθ ≥
½dθψðθÞ�2

IðθÞ : ð22Þ

where I(θ) is the Fisher information, and can be straightforwardly proved
with the Cauchy-Schwarz inequality as follows:

hhΨiiθIðθÞ ¼
Z

dXðΨ� ψÞ2Pθ

Z
dXð∂θ ln PθÞ2Pθ

≥

Z
dXðΨ� ψÞð∂θ ln PθÞPθ

� �2
¼ ½dθψðθÞ�2:

ð23Þ

Nowwe apply the generalizedCramér-Rao inequality toMarkov jump
processes. We designate ω as a stochastic trajectory for one realization, i.e.,
ω = (i0, t0 = 0; i1, ν1, t1; i2, ν2, t2;…; in, νn, tn ≤ τ = : tn+1),where a transition
occurs fromstate im−1 to im through the νmth channel at time tm,Pθ[ω] as the
probability for observing a trajectory ω with a parameter θ, and Ψ[X] =
O[ω] as an observable defined along the trajectory ω. The path probability
takes the form as48

Pθ½ω� ¼ pi0e
Qn

m¼1
e

R tm

tm�1
dtWim�1 im�1

ðθ;tÞ
Wνm

imim�1
ðθ;tmÞþ

R τ

tn
dtWinin

ðθ;tÞ
;

ð24Þ

where pi0 is the initial distribution. For this path probability, the standard
techniques in stochastic thermodynamics yield the Fisher information as a
simple form49,65,67

IðθÞ ¼
Z τ

0
dt
X
i≠j;ν

Wν
ijpjð∂θ lnWν

ijÞ2 ≤ a2maxA; ð25Þ

where

amax :¼ max
i≠j;ν;t2½0;τ�

j∂θ lnWν
ij ðθ; tÞj ð26Þ

andA is the time-integrated DA defined as

A :¼
Z τ

0
dt
X
i≠j

Wijðθ; tÞpjðtÞ: ð27Þ
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The DAA is the ensemble average of the total number of transitions that
occurred within the time interval, which is written explicitly as

Ae½ω� ¼
X
i≠j;ν

nνij½ω� ¼
X
i≠j;ν

Xn
m¼1

δim�1 ;j
δim ;iδνm ;ν ; ð28Þ

where nνij½ω� :¼
Pn

m¼1δim�1 ;j
δim;iδνm;ν counts the total number of transi-

tions from state j to state i via channel ν.
Combining the explicit expression of the Fisher information with the

Cramér-Rao inequality (22) yields the desired inequality (7). Because the
derivationdoesnot impose any constraint on the formof theobservableO, it
is not necessary to be a current or an absolute counting variable.

Details of the calculations in Example 1
The empirical accumulatedcurrent for a time interval τ is Je[ω] = n+ − n−,
wheren+/− represents the total numberof transitions that theparticle jumps
to the positive/negative direction. In theNESS, the ensemble-averaged value
is4,6,66

J ¼ τeθðeα2 � e�
α
2Þ: ð29Þ

The response of the current to a perturbation in θ or α is, respectively,

dθJðθÞ ¼ JðθÞ; ð30Þ

dαJðαÞ ¼
τeθ

2
ðeα2 þ e�

α
2Þ: ð31Þ

We also have amax ¼ 1 for a perturbation in θ and amax ¼ 1=2 for α,
respectively. The variance, the total EP and the DA are

hhJii ¼ τeθðeα2 þ e�
α
2Þ; ð32Þ

σ ¼ τeθαðeα2 � e�
α
2Þ; ð33Þ

A ¼ τeθðeα2 þ e�
α
2Þ: ð34Þ

Details of FCS in Example 2
FCS is a powerful tool to calculate the moments and the cumulants of a
random variable. The central quantity of FCS is the cumulant generating
function49,52,103–105

GχðτÞ ¼ ln 1Te
R τ

0
Wχ ðtÞdtpð0Þ

� �
; ð35Þ

where 1 = [1, 1], T is the time-ordering operator, p(0) is the initial
probability distribution, and

WχðtÞ ¼
�Wh

10 �Wc
10 Wh

01 þWc
01e

χ

Wh
10 þWc

10e
�χ �Wh

01 �Wc
01

 !
ð36Þ

is the transition rate matrix with a counting field χ for the first observable,
i.e., the empirical accumulated current that flows into the cold bath
Jce½ω� :¼

P
i≠jðncij½ω� � ncji½ω�Þ. Its average and variance are calculated by

the derivatives of the cumulant generating function as

Jc ¼
∂GχðτÞ
∂χ

����
χ¼0

; hhJcii ¼
∂2GχðτÞ
∂χ2

�����
χ¼0

: ð37Þ

The second observable we simulated is the empirical time-integrated
traffic due to coupling with the cold bath, defined as Ac

e½ω� :¼
P

i≠jn
c
ij½ω�.

The ensemble average and the variance can also be calculated via FCS by
introducing a different counting field λ as106

GλðτÞ ¼ ln 1Te
R τ

0
WλðtÞdtpð0Þ

� �
; ð38Þ

where

WλðtÞ ¼
�Wh

10 �Wc
10 Wh

01 þWc
01e

λ

Wh
10 þWc

10e
λ �Wh

01 �Wc
01

 !
ð39Þ

In the numerical simulation of both observables, we sample each of the
parameters contained in the energy gap Δ uniformly from the following
intervals: βc ∈ [1, 5], ε ∈ [0.1, 1], C ∈ [0, 2], s ∈ [ −0.5, 0.5], a ∈ [0, 1],
ω ∈ [0, 5], and τ ∈ [0, 1].

Derivation of the R-KUR for feedback-controlled systems
The Fisher information for a feedback-controlled process takes the fol-
lowing form49

IðθÞ ¼
Z τ

0
dt
X
i≠j;ν;m

Wν
im;jmðθ; tÞpjmðtÞð∂θ lnWν

im;jmðθ; tÞÞ2; ð40Þ

where pjm is the joint probability of S being in state j and M giving an
outcomem, andWν

im;jm is the transition rate from the joint state jm to state
im via channel ν. Therefore, we obtain an upper bound

IðθÞ≤
X
m

pma
2
m;maxAm ≤ a2maxA; ð41Þ

where am;max :¼ maxi≠j;ν;t2½0;τ�j∂θ lnWν
im;jmðθ; tÞj is optimized for each

outcomem, amax :¼ maxm½am;max� is in turn optimized against all possible
outcome m’s, the conditional DA for an outcomem is defined as

Am ¼
Z τ

0
dt
X
i≠j;ν

Wν
im;jmðθ; tÞpjjmðtÞ; ð42Þ

and the total DA is then

A ¼
X
m

pmAm: ð43Þ

Wenotice that the probability pmof obtaining anoutcomem is independent
of time because the state ofM does not evolve inside one feedback loop.

Derivation of the R-KUR for discrete-time Markov chains (19)
For discrete-time Markov chains, according to ref. 49, the Fisher informa-
tion takes the form as

IðθÞ ¼ �
XN
i¼1

X
m;n;ν

Pmðti�1ÞTν
nmðθ; ti�1Þ∂2θ lnTν

nmðθ; ti�1Þ

¼: IodðθÞ þ IdðθÞ;
ð44Þ

where the off-diagonal term of the Fisher information Iod(θ) and the
diagonal term Id(θ) are respectively defined as

IodðθÞ :¼
XN
i¼1

X
m≠n;ν

Pmðti�1ÞTν
nmðθ; ti�1Þð∂θ lnTν

nmðθ; ti�1ÞÞ2; ð45Þ

IdðθÞ :¼
XN
i¼1

X
m;ν

Pmðti�1ÞTmmðθ; ti�1Þð∂θ lnTmmðθ; ti�1ÞÞ2: ð46Þ
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Wenow define the DA of a discrete-timeMarkov chain. By definition,
the DA quantifies the time scale of transitions. From time ti−1 to time ti, the
probability of a transition occurring between state m and state n through
channel ν is given by

aνmnðti�1Þ :¼ Pmðti�1ÞTν
nmðθ; ti�1Þ þ Pnðti�1ÞTν

mnðθ; ti�1Þ: ð47Þ

Therefore, the DA is

A :¼ 1
2

XN
i¼1

X
m≠n;ν

aνmnðti�1Þ

¼
XN
i¼1

X
m≠n;ν

Pmðti�1ÞTν
nmðθ; ti�1Þ:

ð48Þ

This definition can also be found in ref. 74.
Wecanprove that theFisher information, its diagonal part, and theoff-

diagonal term are all bounded from above by the DA. It is obvious that the
off-diagonal term of the Fisher information is bounded by the DA as

IodðθÞ≤ a2maxA; ð49Þ

where amax :¼ maxm≠n;ν;t j∂θ lnTν
nmðθ; tÞj.

The diagonal term is bounded as

IdðθÞ ¼
XN
i¼1

X
m

Pmðti�1Þ
P

n:n≠m;ν∂θT
ν
nmðθ; ti�1Þ

� �2
Tmmðθ; ti�1Þ

¼
XN
i¼1

X
m

Pmðti�1Þ
P

n:n≠m;ν∂θT
ν
nmðθ; ti�1Þ

� �2
P

n:n≠m;ν∂θT
ν
nmðθ; ti�1Þ

1� Tmmðθ; ti�1Þ
Tmmðθ; ti�1Þ

≤
XN

i¼1

X
m

Pmðti�1Þ
X

n:n≠m;ν

∂θT
ν
nmðθ; ti�1Þ

� �2
∂θT

ν
nmðθ; ti�1Þ

1� Tmmðθ; ti�1Þ
Tmmðθ; ti�1Þ

¼
XN
i¼1

X
m≠n;ν

Pmðti�1ÞTν
nmðθ; ti�1Þ ∂θT

ν
nmðθ; ti�1Þ

� �2 1� Tmmðθ; ti�1Þ
Tmmðθ; ti�1Þ

≤
1� Tmin

Tmin
IodðθÞ

≤
1� Tmin

Tmin
a2maxA;

ð50Þ

whereTmin :¼ minm;t ½Tmmðθ; tÞ� is theminimal staying probability andwe
use Titu’s lemma in the first inequality.

Finally, combining all the inequalities yields

IðθÞ≤ a2max

Tmin
A: ð51Þ
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