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Response kinetic uncertainty relation for Markovian open quantum systems
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Response uncertainty relations in stochastic thermodynamics extend precision bounds to the sensitivity of
observables under external perturbations. Here we derive a quantum response kinetic uncertainty relation for
continuously monitored Markovian open quantum systems in the steady state of the Lindblad master equation.
The response precision of a measured trajectory observable is bounded by two contributions: the conventional
quantum dynamical activity and a perturbation-induced intersubspace transition term. The latter is absent in
the classical limit and captures a genuinely quantum part of the response cost. We identify simple conditions
under which either contribution vanishes, and we further clarify the structure of the intersubspace term through
a symmetry-resolved decomposition and exact sector-selection rules. The bound and its structure are illustrated
in a driven two-level atom.
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I. INTRODUCTION

Thermodynamic uncertainty relations (TUR) [1–4] and
kinetic uncertainty relations (KUR) [5–9] provide fundamen-
tal limits to the precision of a nonequilibrium observable
in terms of the thermodynamic or kinetic properties of the
system. Various efforts have endeavored to generalize the
TUR and the KUR to Markovian open quantum systems
[10–12], which set fundamental trade-off relationships be-
tween the precision of an observable and the thermodynamic
or kinetic properties of those systems. The stochastic ob-
servables, for example, the current, that appear in these
bounds are usually measured through continuous monitoring
of the quantum system, namely through the unraveling of
the Lindblad master equation in quantum trajectory theory
[13–16]. Since the information of the measured quantum
system is obtained through stochastic time series of quan-
tum jumps, the precision of the measured time series is of
crucial importance [17,18]. Additionally, continuous quantum
measurement itself plays an important role both theoretically
and practically in many fields, including quantum sensing
and quantum metrology [19–21], atomic-molecular-optical
physics [22–28], condensed-matter physics [29–33], and ther-
modynamics [34–37].

Recently, response uncertainty relations have extended
the fluctuation problem to static responses under external
perturbations in classical Markov jump processes. For clas-
sical systems, both the dissipation-controlled response TUR
and the activity-controlled response KUR (R-KUR) are now
available, and subsequent works have clarified their relation
through exact fluctuation-response relations and more gen-
eral fluctuation-response inequalities that place kinetic and
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entropic perturbations within a unified Cramér-Rao frame-
work for broader classes of observables and finite observation
times [38–41]. The classical R-KUR can be written explicitly
as [39]

(∂θ 〈O〉)2

〈〈O〉〉 � a2
maxAcl, (1)

where O is a stochastic observable with a mean 〈O〉 and a
variance 〈〈O〉〉 with respect to a path probability parametrized
by θ , a2

max is called the perturbative rate, and Acl :=∫ T
0 dt

∑
i �= j piWi j/T is the time-averaged dynamical activity,

abbreviated as DA, for a classical Markov jump process and
characterizes the frequency of stochastic transitions.

For Markovian open quantum systems, the fluctuation
side has developed from quantum TUR and KUR to
broader trade-off relations for quantum trajectory observ-
ables [10–12,42,43]. On the response side, recent works have
established activity-centered quantum response bounds and
quantum fluctuation-response inequalities for Lindblad dy-
namics [41,43]. A steady-state quantum R-KUR (QR-KUR)
for continuously monitored Lindblad observables with gen-
eral parameter encoding remains to be formulated in a form
that closes directly with quantum activity and identifies the
additional genuinely quantum contribution on the right-hand
side.

In this work, we generalize the classical R-KUR (1) to the
steady state of an open quantum system obeying the Lindblad
dynamics. The resulting response bound contains two contri-
butions: one proportional to the conventional quantum DA, in
direct analogy with the classical R-KUR, and one determined
by perturbation-induced quantum transitions. Sufficient con-
ditions under which either contribution vanishes are given
and the bound is illustrated in a driven two-level model. We
also illustrate the structure of this genuinely quantum contri-
bution by answering which decaying sectors can contribute
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to it, and under what symmetry conditions it is forbidden or
restricted. We address this question through a group-theoretic,
symmetry-resolved decomposition of the intertransition term.
Finally, the issue of non-unique steady states is discussed.

II. MONITORED GKSL SETTING

The dynamics of a finite-dimensional Markovian open
quantum system S with Hamiltonian H (θ ) can be described by
the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) form
master equation, or in short, Lindblad master equation [44].
Examples include photon detection [22] and temperature esti-
mation with thermometry [45]:

ρ̇(t ) = L(θ )ρ(t ), (2)

where the time-independent Lindbladian L(θ ) is a superoper-
ator defined as

L(θ )ρ := −i[H (θ ), ρ] +
∑

c

D[Lc(θ )]ρ, (3)

where the parameter θ is encoded in the system Hamilto-
nian and/or in the jump operators Lc(θ ), and the dissipator
is defined as D[L]ρ := LρL† − {L†L, ρ}/2. Throughout this
work we set h̄ = 1. The θ -dependence will be dropped in the
following to simplify the notation unless necessary. Through-
out the formal derivation, θ denotes a generic perturbation
parameter; in concrete examples it is instantiated by physical
controls such as γ , �, β, ωd , or ω.

An empirical observable is measured by the unraveling of
the Lindblad equation [15]. The number of quantum jumps
is recorded during a time interval [0, T ] as dNc(t ) = 1 if
a quantum jump in channel c is observed at time t ; oth-
erwise, dNc(t ) = 0. The probability of observing a jump
is given by Tr[L†

c Lcρ(t )]dt and that of a no-jump event is
1 − ∑

c Tr[L†
c Lcρ(t )]dt [13]. The observable is calculated ac-

cording to the record as 	(T ) := ∑
c νc

∫ T
0 dNc(t ), where νc

depends on the physical observable of interest. For exam-
ple, 	(T ) with νc = ±1 is the net particle current, whereas
	(T ) with νc = 1 is the total number of quantum jumps.
The rate of 	(T ) at time t is defined as φ(t ) := d	(t )/dt =∑

c νcdNc(t )/dt . In the steady state, we denote its long-time
average rate simply by 〈φ〉.

III. QUANTUM RESPONSE KINETIC UNCERTAINTY
RELATION

A. Main result

In the long-time limit T → ∞, the system S evolves to its
steady state π . In Appendix A, we prove that the response in
the average rate φ of an observable to a perturbation in the
parameter θ obeys a QR-KUR:

(∂θ 〈φ〉)2

〈〈φ〉〉 � a2
maxA + Z, (4)

where

a2
max := 4 max

c

Tr[∂θLcπ∂θL†
c ]

Tr[LcπL†
c ]

(5)

and

A :=
∑

c

Tr[LcπL†
c ] (6)

is the conventional quantum DA which by definition counts
the frequency of quantum jumps in all channels [10,11,18].
The quantity Z is a perturbation-induced intersubspace tran-
sition term defined by

Z := −8Re

⎡⎣∑
j �=0

1

λ j
〈〈1|K̂1|x j〉〉〈〈y j |K̂2|π〉〉

⎤⎦. (7)

Vectorization is adopted to map superoperators to matrices
and density operators to vectors, λ j ∈ C are the eigenvalues
of the matrix representation of the Lindbladian, and |x j〉〉 and
〈〈y j | are the corresponding right- and left-eigenvectors. In
particular, for λ0 = 0, |x0〉〉 = |π〉〉 is the vectorized steady-
state density operator and 〈〈y0| = 〈〈1| the vectorized identity
matrix. The corresponding perturbation superoperators are

K1ρ := −i(∂θHeff )ρ +
∑

c

(∂θLc)ρL†
c , (8)

K2ρ := iρ∂θH†
eff +

∑
c

Lcρ∂θL†
c , (9)

with the non-Hermitian effective Hamiltonian Heff := H −
i
∑

c L†
c Lc/2. The intertransition contribution is not guaran-

teed to be non-negative as shown in Appendix B 1.

B. Interpretation

The two contributions on the right-hand side of inequal-
ity (4) play distinct roles. The term a2

maxA is built from
the conventional quantum DA and is determined by quan-
tum jumps within the steady-state sector. By contrast, Z is
nonzero only when the perturbation characterized by K1,2

couples the steady-state sector to at least one decaying sec-
tor. Figure 1 schematically illustrates this separation: A
counts intra-steady-sector transitions, whereas Z accounts for
perturbation-induced couplings between the steady-state sec-
tor and its complementary sectors.

This distinction is transparent in the classical limit such
that Lji = √

Wji|ε j〉〈εi|, where {|εi〉} is the eigenbasis, and
the off-diagonal elements of the steady-state density matrix
vanish, πi j = 0 for i �= j. The quantum DA (6) reduces to the
classical one Acl = ∑

i �= j πiiWji in the steady state and

a2
max = 4 max

i �= j

(∂θ

√
Wi j )2

Wi j
= max

i �= j
(∂θ ln Wi j )

2, (10)

which also reduces to the perturbative rate a2
max in the classical

R-KUR (1). The intertransition term vanishes in the classical
limit. In that case the trace pairings entering Z vanish identi-
cally, and only the activity term remains. Therefore, the term
a2

maxA in inequality (4) is a quantum generalization of the
activity term in the classical R-KUR, while Z is genuinely
quantum. There is no contribution from transitions entirely
within one complementary sector or between two complemen-
tary sectors. The steady-state fluctuations and response are
therefore constrained only by transitions tied to the steady-
state sector and by perturbation-induced excursions out of it.
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Perturbation

FIG. 1. Schematic illustration of the right-hand side of the QR-
KUR. The left green area represents the steady-state sector with j =
0. The red arrows indicate quantum jumps within the steady-state
sector, contributing to the quantum dynamical activity A. The two
blue areas represent two instances of the complementary sectors, and
the purple arrows represent the perturbation-induced couplings be-
tween the steady-state sector and its complementary sectors, yielding
the intertransition term Z . No transitions entirely within one comple-
mentary sector or between two complementary sectors contribute to
the right-hand side.

We consider two special regimes. If the perturbed parame-
ter θ is encoded only in the Hamiltonian and not in the jump
operators Lc, then a2

max = 0. The QR-KUR remains nontrivial
because the right-hand side reduces to the intertransition con-
tribution Z . If the perturbed parameter θ is not encoded in the
Hamiltonian and the jump operators take the multiplicative
form

Lc(θ ) = gc(θ )Lc, gc(θ ) ∈ R, (11)

with Lc independent of θ , then Z = 0 by the same trace-
cyclicity mechanism. In that case the perturbative rate reduces

to

a2
max = 4 max

c
(∂θ ln gc)2, (12)

which is the direct quantum analog of the classical perturba-
tive rate in inequality (1).

Recent quantum developments include finite-time
fluctuation-response inequalities for monitored open systems
[41], activity-controlled QR-KURs for general observables
[43], and quantum KUR analyses in which coherence modifies
the current-noise trade-off itself [12]. The steady-state
Lindblad setting considered here yields a response bound
whose right-hand side separates into the activity contribution
a2

maxA and the intersector term Z . For purely multiplicative
jump-amplitude perturbations one has Z = 0, and the bound
reduces to the activity-only structure. In the parametrization
H (θ ) = (1 + θ )H and Lc(θ ) = √

1 + θLc, the present result
reduces at θ → 0 to Hasegawa’s quantum KUR [10].

IV. DRIVEN TWO-LEVEL ATOM

The QR-KUR (4) is illustrated in a driven two-level atom
under dissipation described by the Hamiltonian [10,18,42,46],

H = �

2
σz + �σx, (13)

where � := ω − ωd is the detuning between the transition
frequency ω of the two-level atom and the frequency ωd of
the driving laser and � is the Rabi frequency. The atom is
coupled to a heat bath at inverse temperature β. The jump op-
erators are L− :=

√
γ (N̄ + 1)σ− and L+ :=

√
γ N̄σ+, where

N̄ := 1/[exp(βω) − 1] is the Bose-Einstein occupation and γ

is the dissipation strength.
It is convenient to work in the column-stacking basis

{|e〉 〈e| , |g〉 〈e| , |e〉 〈g| , |g〉 〈g|}, in which the Liouvillian ma-
trix is

L̂ =

⎛⎜⎜⎜⎜⎜⎝
−γ (N̄ + 1) −i� i� γ N̄

−i� i� − γ (2N̄+1)
2 0 i�

i� 0 −i� − γ (2N̄+1)
2 −i�

γ (N̄ + 1) i� −i� −γ N̄

⎞⎟⎟⎟⎟⎟⎠. (14)

The observable superoperators entering the mean and variance are

Ĵ = ν−γ (N̄ + 1)σ ∗
− ⊗ σ− + ν+γ N̄σ ∗

+ ⊗ σ+, (15)

P̂ = ν2
−γ (N̄ + 1)σ ∗

− ⊗ σ− + ν2
+γ N̄σ ∗

+ ⊗ σ+, (16)

so that

〈φ〉 = 〈〈1|Ĵ |π〉〉, 〈〈φ〉〉 = Pφ − 2〈〈1|Ĵ L̂DĴ |π〉〉, (17)

Pφ := 〈〈1|P̂|π〉〉. (18)

We denote by L̂D := ∑
j �=0 λ−1

j |x j〉〉〈〈y j | the Drazin pseudoinverse of L̂ on the decaying subspace.
The steady state is

π = 1

(1 + 2N̄ )α

(
N̄α + 4�2 −2�(2� + iγ (1 + 2N̄ ))

−2�(2� − iγ (1 + 2N̄ )) (1 + N̄ )α − 4�2

)
, (19)
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FIG. 2. (a) Bound efficiency η := LHS/(a2
maxA + Z ) � 1 ver-

sus γ /� on a log–log scale for the two-level atom model with
� = N̄ = 0. The red solid curve plots the case where γ is per-
turbed and the blue dashdotted curve plots � being perturbed.
The green dotted vertical line shows η = 0 for γ -perturbation at
γ /� = √

8 as expected by the analytical calculation. The gray dotted
horizontal line represents the upper bound η = 1 of the efficiency.
(b) Operational overestimates in the same limiting case. Red:
ã2

max/a2
max for the γ -perturbation, with analytic form (γ 2 +

8�2)/(4�2). This ratio tends to 2 for γ � � and grows as
O[(γ /�)2] for γ � �. Blue: Z̃/|Z| for the �-perturbation, where
the exact Z = 16/γ and the mixing-based Z̃ captures the O(1/γ )
scaling.

where α := 4�2 + γ 2(1 + 2N̄ )2 + 8�2, and the correspond-
ing current and activity are

〈J〉 = −4γ�2

α
, A = 2γ N̄

1 + N̄

1 + 2N̄
+ 4γ�2

(1 + 2N̄ )α
. (20)

A. Limiting case

A limiting case in which every quantity can be solved
analytically is obtained when the heat bath is at zero temper-
ature β → ∞ and the detuning � vanishes. The atom only
undergoes spontaneous emission characterized by the jump
operator L−. We choose ν− = 1 hence φ is the current rate.
There are only two tunable parameters: γ and �. In the steady
state, every quantity can be solved exactly [18],

〈J〉 = 4γ�2

γ 2 + 8�2
, A = 〈J〉, (21)

〈〈J〉〉 = 4γ�2(γ 4 − 8γ 2�2 + 64�4)

(γ 2 + 8�2)3
. (22)

For a γ perturbation,

∂γ 〈J〉 = 4�2(−γ 2 + 8�2)

(γ 2 + 8�2)2
, a2

max = 1

γ 2
, Z = 0, (23)

so the bound reduces to the activity-controlled form, and the
bound efficiency is η = 1 − 1/(8�2/γ 2 + γ 2/8�2 − 1) < 1.

The efficiency vanishes at γ /� = √
8 where the current

becomes first-order insensitive to the dissipation rate. Physi-
cally, increasing γ enhances the emission rate per excitation
but simultaneously suppresses the steady-state excited popu-
lation; at γ /� = √

8 these two effects balance exactly.
For an � perturbation,

∂�〈J〉 = 8γ 3�

(γ 2 + 8�2)2
, a2

max = 0, Z = 16

γ
, (24)

so the bound efficiency becomes η = 1/(1 + 512�6/γ 6). Fig-
ure 2(a) shows that the QR-KUR is always valid and can

be extremely tight. The γ -perturbation isolates the activity
contribution, whereas the �-perturbation isolates the inter-
transition contribution, illustrating the equal importance of the
two terms on the right-hand side of inequality (4).

B. General parameter regime

The general case allows both N̄ and � to be nonzero.
Here the current is defined as the net current with ν± =
±1, unlike the emission-count observable used in the limit-
ing case above where ν− = 1. The Lindbladian matrix can
then be diagonalized numerically. The effective linewidth
is �eff = γ (2N̄ + 1), which provides the natural frequency
scale against which both detuning and coherent drive should
be compared. A convenient dimensionless detuning is there-
fore the detuning in linewidth units, given by δ = 2�/�eff .
The coherent drive is characterized by the generalized satura-
tion parameter

s = 8�2

�2
eff + 4�2

. (25)

Equivalently, introducing the on-resonance saturation param-
eter s0 = 8�2/�2

eff , one has the identity s = s0/(1 + δ2). This
representation makes explicit that a fixed value of s does not
correspond to a unique physical regime: The same s can arise
from near-resonant driving with |δ| � 1 and moderate s0, or
from far-detuned driving with |δ| � 1 and a larger s0.

The relative roles of the two contributions on the right-hand
side of inequality (4) are shown in Figs. 3(a) and 3(b). In this
ensemble Z > 0 throughout, so the dominance ratio

r := Z
a2

maxA
, (26)

as well as the overall efficiency and the two single-term ratios

η := LHS

a2
maxA + Z , ηA := LHS

a2
maxA

, ηZ := LHS

Z . (27)

Figure 3(a) shows that the combined ratio η remains bounded
by unity across the ensemble, while the single-term ratios can
exceed unity by orders of magnitude in opposite dominance
regimes: ηA can be large when r � 1, where the Z term
dominates the right-hand side. By contrast, ηZ can be large
when r � 1, where the a2

maxA term dominates.
Figure 3(b) presents the same ensemble in terms of the gen-

eralized saturation parameter s, with color encoding log10 |δ|
to distinguish near-resonant and far-detuned samples that may
share the same s. Near resonance, |δ| � 1, coherent excita-
tion is enhanced and the response is governed mainly by the
competition between the Rabi drive � and the bath-induced
linewidth �eff . For |δ| � 1, by contrast, the coherent response
is suppressed by detuning, and achieving the same s requires a
larger on-resonance strength s0 = 8�2/�2

eff . This accounts for
the systematic trend that smaller |δ| tends to produce larger
η and for the broader spread of efficiencies at fixed s in the
far-detuned regime.

The corner in which both |δ| and s are small corresponds to
weak, near-resonant driving, namely s � 1, so the stationary
state remains close to equilibrium and the dynamics is gov-
erned mainly by the relaxation scale �eff . In that regime the
response entering the LHS and the noise and activity scales
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FIG. 3. (a) Log-log plot versus the dominance ratio r := Z/(a2
maxA). In the sampled data shown here, Z > 0, so that both r and ηZ =

LHS/Z are well defined. Blue circles show the overall efficiency η = LHS/RHS, while yellow squares and green crosses show the single-term
ratios ηA = LHS/(a2

maxA) and ηZ = LHS/Z , respectively. The horizontal line marks η = 1, and the vertical line marks r = 1. The guide lines
y = r and y = 1/r indicate, respectively, the loci ηA = r when ηZ = 1 and ηZ = 1/r when ηA = 1, making explicit that single-term failures
(ηA > 1 or ηZ > 1) occur in opposite dominance regimes r � 1 and r � 1. (b) Log-log scatter of the overall efficiency η versus the generalized
saturation parameter s = 8�2/(�2

eff + 4�2). Colors encode the detuning in linewidth units, log10 |δ| with δ := 2�/�eff and �eff = γ (2N̄ + 1).
Circled points mark the samples that maximize the single-term ratios in the sample set. (c) Histogram of log10(RRHS) = log10(RHSop/RHS)
over the same ω-perturbation ensemble, showing how much larger RHSop = ã2

maxA + Z̃ is than the exact RHS. (d) Scatter plot of RZ = Z̃/|Z|
versus the exact magnitude |Z| (log-log). The strongest overestimates occur when |Z| is small, consistent with the fact that Z can exhibit
cancellations whereas the norm-based upper bound Z̃ discards such cancellations.

entering the RHS are controlled by the same dominant dissipa-
tive mode, and the inequality becomes nearly tight. Increasing
either s or |δ| moves the system away from this simple near-
resonant regime and lowers the observed efficiency.

The circled points mark the samples that maximize ηA

and ηZ in the ensemble. For the present data set these oc-
cur at max ηA ≈ 34.6, with r ≈ 181, s ≈ 0.98, and |δ| ≈
0.35, and at max ηZ ≈ 7.17 × 108, with r ≈ 1.39 × 10−9, s ≈
8.03 × 10−6, and |δ| ≈ 0.05. They highlight that the most
severe single-term failures occur in opposite RHS-dominance
regions, whereas the combined ratio η remains uniformly
bounded.

A broader scan covers all five tunable parameters and both
observable types. Figure 4 summarizes the resulting efficien-
cies for current and counting observables under �, ωd , γ , β,
and ω perturbations. For all sampled settings the combined
ratio η remains below unity, while the single-term ratios may
fail depending on which contribution dominates the right-
hand side. The validity of inequality (4) is checked across all
parameter-encoding classes considered here.

V. OPERATIONAL UPPER BOUNDS

A. General bounds from measured quantities

The activity A = ∑
c Tr[Lc(θ )π (θ )L†

c (θ )] is directly ac-
cessible from the long-time quantum-jump record as the total
click rate and, if desired, by channel [47]. In contrast, the
prefactor a2

max is a quantity fixed by the model parameters that
characterizes how sensitively the jump part of the dynamics
depends on the parameter θ . In full generality,

a2
max(θ ) := max

c
a2

c (θ ), (28)

a2
c (θ ) := 4

Tr[∂θLc(θ )π (θ )∂θL†
c (θ )]

Tr[Lc(θ )π (θ )L†
c (θ )]

, (29)

which depends only on how θ enters the jump operators in
the chosen unraveling. Accordingly, ∂θLc(θ ) and hence a2

max
is an input obtained from independent characterization of the
device and its system-bath couplings rather than a quantity

to be inferred from the same trajectory used to estimate θ

[48,49]. For the experimentally common multiplicative form
Lc(θ ) = gc(θ )Lc with gc(θ ) ∈ R, Eq. (28) reduces to the ex-
plicit expression a2

max = 4 maxc(∂θ ln gc)2.
An upper bound follows by combining channel-resolved

click rates with bounds on the parameter dependence of the
jump operators. Let Ac(θ ) := Tr[Lc(θ )π (θ )L†

c (θ )] denote the
steady-state click rate of channel c. Then, for channels with
nonzero click rate Ac(θ ) > 0,

ã2
c (θ ) := 4

‖∂θ Lc(θ )‖2
op

Ac(θ )
, ã2

max(θ ) := max
c

ã2
c (θ ), (30)

provides an upper bound for Eq. (28). The derivation is given
in Appendix B 2.

The intertransition term Z is different in nature from A.
Its exact expression is controlled by the Drazin pseudoinverse
of the Liouvillian and hence by the relaxation spectrum on
the decaying subspace. For this reason, Z cannot, in general,
be inferred from steady-state jump counts alone. Evaluating
Z therefore requires either a calibrated Markovian generator
L(θ ) and its local derivatives entering K1,2, or time-resolved
response measurements under a controlled modulation of
θ . Experimentally demonstrated Lindblad-tomography and
related generator-learning approaches provide routes to re-
construct effective Hamiltonian and jump operators from
time-domain or tomographic data, enabling an a posteriori
evaluation of Z within a validated Markovian description
[50,51].

Let Q̂ := 1 − |π〉〉〈〈1| denote the projector onto the decay-
ing subspace, assuming 〈〈1|π〉〉 = 1 and a unique steady state.
One may further bound Z without explicitly constructing L̂D,
under the standard stability assumption

‖etL̂Q̂‖2→2 � Me−�t , t � 0, (31)

where � is a mixing or relaxation scale on the decaying
subspace and M accounts for possible transient amplification
when the Q̂-restricted generator is non-normal. Under this
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FIG. 4. Bound efficiency η in all perturbation and observable settings. In total, we have five parameters × two types of observables.
Perturbation types: {�,ωd} only in Hamiltonian, η = ηZ ; {γ , β} only in jump operators, η = ηA; {ω} in both, η is the combined ratio. Number
of samples in each subfigure is 30 000.

assumption one obtains the upper bound

|Z| � Z̃ := 8M

�
‖K̂†

1|1〉〉‖2‖Q̂K̂2|π〉〉‖2, (32)

which trades spectral detail for a small number of a few inputs,
notably the relaxation rate �. In the following, the two-level
example provides a concrete test of how loose these upper
bounds can become.

B. Two-level illustration of the operational bounds

In the analytically solvable two-level example with N̄ = 0
and � = 0, for a γ -perturbation one has the exact a2

max =
1/γ 2 and Z = 0. The relaxed contribution Aã2

max reduces
to 4‖∂γ L−‖2

op = 1/γ single channel, while the exact a2
maxA

is 4�2/(γ 2 + 8�2). Thus the ratio of the relaxed to exact
contribution is

Aã2
max

a2
maxA

= γ 2 + 8�2

4�2
. (33)

Equivalently, writing pe := Tr[πσ+σ−] = A/γ for the
steady-state excited-state population, this ratio is 1/pe. Hence
its weak-dissipation limit 2 at γ � � reflects pe → 1/2
in the resonant driven steady state and does not indicate a
missing numerical factor in the derivation. Rather, it is the
intrinsic overestimate produced by replacing the π -weighted
matrix element by the operator norm in Eq. (30). In the
strong-dissipation regime γ � �, one finds

Aã2
max

a2
maxA

= γ 2

4�2
[1 + O((�/γ )2)], (γ � �), (34)

showing explicitly that the relaxation (30) can become para-
metrically loose even in a two-level system.

Inequality (32) replaces |Z| by a simple upper bound and
is not uniformly tight. Its natural scale is additive,

Z̃ = O

(
M

�
‖K̂‖2

)
, (35)

because Z is a time-integrated transient kernel controlled
by relaxation on Ran(Q̂). A uniform relative tightness state-
ment is impossible in general: Z is a signed modal sum
and may exhibit strong cancellations or even cross zero as
parameters vary, whereas inequality (32) is obtained by the es-
timate |Z| = 2|Re�| � 2|�| together with Cauchy-Schwarz
inequality and therefore discards such cancellations. Conse-
quently, Z̃/|Z| can become arbitrarily large near parameter
values where Z ≈ 0, even though Z̃ remains at its natural
scale O[(M/�)‖K̂‖2].

In the two-level example above, for an �-perturbation one
has a2

max = 0 and the exact Z = 16/γ . In this case inequality
(32) predicts the correct order O(1/γ ) because the relaxation
scale satisfies � = O(γ ), and the constant prefactor can be
checked numerically from the exact definitions of K̂1,2 and Q̂.
This numerical check quantifies how loose the upper bound
(32) can be in the examples.

A second feature of Fig. 2(b) is that the blue curve
may develop a pronounced peak near γ /� ≈ 8. This point
should not be confused with the special value γ /� = √

8 in
Fig. 2(a). In the resonant limit N̄ = 0 and � = 0, the nonzero
eigenvalues of the Bloch-linearized generator are λ1 = −γ /2
and λ± = −3γ /4 ±

√
γ 2/16 − 4�2. Thus γ /� = 8 marks

the underdamped-overdamped crossover, where the pair λ±
changes from complex to real. Near this crossover the non-
normal prefactor M entering inequality (32) can become
enhanced, which enlarges Z̃/|Z| even though the exact
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Z = 16/γ remains regular. By contrast, γ /� = √
8 is the

point where ∂γ 〈J〉 = 0, namely the extremum of the steady-
state emission rate. The two values therefore reflect different
mechanisms: a relaxation-spectrum crossover for the peak in
the blue curve and a response extremum for the zero of the red
curve in Fig. 2(a).

A broader random scan shows the same pattern beyond
the resonant limiting case. For the ω-perturbation ensemble
underlying Figs. 3(a) and 3(b), we evaluate both the exact and
relaxed right-hand sides and record

RRHS := ã2
maxA + Z̃

a2
maxA + Z , RZ := Z̃

|Z| . (36)

Figures 3(c) and 3(d) show that RRHS is typically moderate,
often within a few orders of magnitude, whereas RZ can be-
come very large when |Z| is small. This is expected because
Z is a signed modal sum that can exhibit strong cancella-
tions or approach zero, while Z̃ follows from the estimate
|Z| = 2|Re�| � 2|�| and therefore discards those cancella-
tions. The operational replacement is therefore useful as a
coarse-grained accessible substitute for the exact RHS, but it
should not be interpreted as a uniformly tight estimator of Z
itself.

VI. SYMMETRY-RESOLVED STRUCTURE
OF THE INTERTRANSITION TERM

While the operational bound above captures the accessible
scale of the exact right-hand side, it does not reveal which
decaying sectors are responsible for the intertransition term
itself. This motivates a structural analysis of Z , to which
we turn next from the viewpoint of symmetry. In particular,
once Z is identified as arising from perturbation-induced cou-
plings between the steady-state sector and decaying sectors,
a natural question is which relaxation channels can actu-
ally contribute and how such contributions are constrained
by symmetry. To answer this question, we now develop
a representation-theoretic decomposition of Z , which re-
solves the intertransition term into symmetry sectors and
yields selection rules for the allowed contributions. A detailed
derivation is given in Appendix C. In particular, Eq. (7) is the
exact real form of the intertransition term under the GKSL
assumptions.

Let G be a compact group with a unitary representation
g �→ Ûg on Liouville space such that

[L̂, Ûg] = 0, ∀g ∈ G. (37)

Then Liouville space has an isotypic decomposition

HL =
⊕
λ∈Ĝ

Hλ, Hλ
∼= Vλ ⊗ Mλ. (38)

where Vλ is the carrier space of the irrep λ and Mλ is its
multiplicity space. Denote by P̂λ the corresponding projectors.
Since both L̂ and L̂D commute with the group action, they
preserve every isotypic block. Moreover, on each block one
has the reduced-resolvent form

P̂λL̂DP̂λ = 1Vλ
⊗ Rλ, (39)

with Rλ acting only on the multiplicity space Mλ. If the steady
state is unique, then both |π〉〉 and 〈〈1| belong to the trivial iso-
typic component, denote this component by λ = 0. Inserting
the isotypic resolution of identity into the complex bilinear
form inside Eq. (7) yields the exact decomposition

Z =
∑
λ∈Ĝ

Z (λ), (40)

Z (λ) := −8Re[〈〈1|K̂1P̂λL̂DP̂λK̂2|π〉〉]. (41)

Thus Z is decomposed exactly into symmetry-resolved sec-
tor contributions, and all dynamical information within an
allowed sector is compressed into the reduced resolvent Rλ

on the multiplicity space.
This immediately yields a complete classification of

symmetry-allowed sectors. Define the ket-side and bra-side
symmetry supports

SR(K̂2) := {λ ∈ Ĝ : P̂λK̂2|π〉〉 �= 0},
SL(K̂1) := {λ ∈ Ĝ : 〈〈1|K̂1P̂λ �= 0}. (42)

Then Z (λ) = 0 for every λ /∈ SL(K̂1) ∩ SR(K̂2). Equivalently,
only sectors contained in this intersection are symmetry-
allowed contributors to Z .

The commuting case considered previously is recovered
immediately. If

[K̂i, Ûg] = 0, ∀g ∈ G, i ∈ {1, 2}, (43)

then each K̂i preserves every isotypic block, so SR(K̂2) =
SL(K̂1) = {0}. Hence only the trivial isotypic component can
contribute to Z , and every nontrivial irrep is excluded exactly.
The previous sector-selection rule is therefore the trivial-irrep
corollary of Eq. (40).

A different situation arises when the perturbation does not
commute with the symmetry but transforms in irreducible
symmetry channels. Suppose that K̂2 contains an irreducible

multiplet {Ŝ(μ2 )
b }dμ2

b=1 transforming as

ÛgŜ(μ2 )
b Û −1

g =
dμ2∑
c=1

D(μ2 )
cb (g)Ŝ(μ2 )

c , (44)

and similarly that K̂1 contains an irreducible multiplet

{T̂ (μ1 )
a }dμ1

a=1. Because |π〉〉 is invariant, the image Ŝ(μ2 )
b |π〉〉

lies entirely in the μ2-isotypic component. On the bra side,
〈〈1|T̂ (μ1 )

a can couple only to the contragredient channel μ∗
1.

Therefore the pair (μ1, μ2) contributes only if

μ2
∼= μ∗

1 ⇐⇒ 1 ⊂ μ1 ⊗ μ2. (45)

This is the symmetry-channel selection rule for the intertransi-
tion term. For reducible perturbations one simply decomposes
K̂1 and K̂2 into irreducible channels and takes the union of all
allowed contragredient pairs.

Equation (39) also shows where the sign of an allowed
sector contribution is decided. Choose an orthonormal basis
on Hλ

∼= Vλ ⊗ Mλ and expand the ket-side and bra-side cou-
plings into the λ block as detailed in Appendix C. Then one
can write

Z (λ) = −8Re

⎡⎣ dλ∑
m=1

dim Mλ∑
β,β ′=1

d∗
mβ (Rλ)ββ ′cmβ ′

⎤⎦. (46)
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Thus symmetry determines which blocks are allowed,
whereas the sign inside an allowed block is controlled by
the phase-sensitive reduced pairing between the left and right
perturbative couplings through the reduced resolvent Rλ. A
negative contribution therefore means that the perturbation-
induced excursion into a decaying quantum sector returns
with a phase relation that enhances the response more than it
increases the activity-only cost. In this sense Z < 0 represents
a quantum enhancement beyond the activity term alone.

A particularly transparent corollary is obtained when only
one symmetry-allowed isotypic component λ contributes and,
within this block, only one complex-conjugate pair of de-
caying modes λ± = −α ± iβ with α > 0 enters the reduced
pairing. Writing the corresponding modal coefficient as c+ =
|c|eiφ , so that the partner coefficient is c− = c∗

+, one finds

Z (λ) = −16Re

(
c+
λ+

)
= − 16|c|

α2 + β2
(−α cos φ + β sin φ).

(47)
Hence Z (λ) < 0 if and only if Re(c+/λ+) > 0 and equiva-
lently if and only if −α cos φ + β sin φ > 0. This is the exact
negative-Z criterion in the single-pair regime. The explicit
qubit counterexample in Appendix B 1 realizes this mecha-
nism through a single contributing parity-odd block of the Z2

decomposition generated by conjugation with σx.
For an Abelian U (1) symmetry the irreps are one-

dimensional charge sectors, and Eq. (45) reduces to a
charge-selection rule. Neutral perturbations (q = 0) can probe
only neutral decaying sectors, whereas a perturbation carrying
charge q can contribute only through decaying sectors of
charge q on the ket side and charge −q on the bra side. The
driven two-level model provides a simple realization of this
structure: Dissipative perturbations remain in the neutral sec-
tor, whereas a transverse Hamiltonian perturbation activates
the coherence sectors of opposite charge.

VII. DISCUSSION

The QR-KUR proved in the main text is formulated for
a unique steady state π , equivalently for a one-dimensional
kernel of L̂. Multiple steady states may arise from strong sym-
metries or conserved quantities, and then the long-time state
can depend on the initial condition [52–54]. The Cramér-Rao
step for the integrated observable 	(T ) remains valid,

(∂θ 〈	(T )〉)2

〈〈	(T )〉〉 � F (θ ; T ), (48)

but the reduction to a universal rate bound additionally re-
quires linear-in-T scaling of both the mean and the variance.
If the long-time dynamics decomposes into invariant compo-
nents α with probabilities pα and conditional scalings

E[	(T )|α] = T μα + o(T ), Var[	(T )|α] = T σ 2
α + o(T ),

(49)
then the law of total variance yields

Var[	(T )] = T 2

⎛⎝∑
α

pαμ2
α −

(∑
α

pαμα

)2
⎞⎠

+ T
∑

α

pασ 2
α + o(T 2). (50)

Whenever the component-dependent rates μα are not all iden-
tical, the leading fluctuations are of order T 2 rather than T . In
that situation a universal steady-state rate QR-KUR written in
terms of a single stationary state is no longer natural.

If the preparation and the dynamics restrict the evolution to
a single invariant sector and the steady state is unique within
that sector, then the same derivation applies sectorwise. If, by
contrast, the preparation allows a mixture of invariant steady
components with different steady rates, then one should either
formulate the bound conditionally on the sector label or work
directly with the integrated observable 	(T ) through inequal-
ity (48).

For the steady state of a Lindblad equation, the response
precision of a measured observable is bounded by quantum
transitions tied to the steady-state sector. The quantum jumps
within the steady-state sector contribute to the conventional
quantum dynamical activity, whereas perturbation-induced
couplings between the steady-state sector and the decaying
sectors generate a genuinely quantum contribution that is ab-
sent in the classical limit. Simple situations in which either of
the two contributions vanishes are identified, and the bound is
verified in a driven two-level atom with dissipation.

The bound is formulated for a unique steady state. The
group-theoretic analysis identifies symmetry channels that can
contribute to Z in that setting, while the nonunique steady-
state issue discussed here concerns the boundary of the same
framework. Extensions to strong symmetries and to dynamics
with conserved quantities or multiple zero modes remain of
interest, since the asymptotic state can then depend on the
initial condition [52,53].
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APPENDIX A: PROOF OF THE QR-KUR

This appendix recalls only the ingredients from Ref. [46]
that are needed in the steady-state monitored GKSL setting
and then derives inequality (4) in the notation of the main text.

1. Vectorization and long-time QFI

Liouville-space notation is used throughout the ap-
pendixes. With stack-column vectorization,

vec(ABC) = (CT ⊗ A)vec(B), (A1)

so that

vec(LρL†) = (L∗ ⊗ L)|ρ〉〉, (A2)

vec([H, ρ]) = (1 ⊗ H − HT ⊗ 1)|ρ〉〉. (A3)
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The matrix representation of the Lindbladian (3) is therefore

L̂ = − i(1 ⊗ H − HT ⊗ 1)

+
∑

c

[
L∗

c ⊗ Lc − 1

2
1 ⊗ L†

c Lc − 1

2
(L†

c Lc)T ⊗ 1
]
.

(A4)

Assume a diagonalizable finite-dimensional GKSL generator
with a unique steady state π , a simple zero mode, and Reλ j <

0 for all nonzero eigenvalues. With

L̂|x j〉〉 = λ j |x j〉〉, 〈〈y j |L̂ = λ j〈〈y j |. (A5)

we choose |x0〉〉 = |π〉〉 and 〈〈y0| = 〈〈1|. The biorthogonal de-
composition then yields

L̂D :=
∑
j �=0

1

λ j
|x j〉〉〈〈y j |, (A6)

which is the Drazin pseudoinverse on the decaying subspace
[55].

For two parameter values θ1 and θ2, introduce the general-
ized Lindbladian

L(θ1, θ2)ρ := − iH (θ1)ρ + iρH (θ2) +
∑

c

Lc(θ1)ρLc(θ2)†

− 1

2

∑
c

[Lc(θ1)†Lc(θ1)ρ + ρLc(θ2)†Lc(θ2)].

(A7)

In the long-time limit, Ref. [46] gives the QFI of the moni-
tored trajectory as

F (θ ) = 4T ∂θ1∂θ2 Reλ(θ1, θ2)|θ1=θ2=θ . (A8)

where λ(θ1, θ2) is the eigenvalue of L(θ1, θ2) that is smoothly
connected to the stationary eigenvalue at (θ, θ ). Applying the
perturbative eigenvalue formula of Ref. [46] to this general-
ized Lindbladian gives

4∂θ1∂θ2λ(θ1, θ2)|θ1=θ2=θ = X + � + �∗, (A9)

with

X := 4
∑

c

Tr[∂θLcπ∂θL†
c ] ∈ R+

0 , (A10)

and

� := −4〈〈1|K̂1L̂DK̂2|π〉〉

= −4
∑
j �=0

1

λ j
〈〈1|K̂1|x j〉〉〈〈y j |K̂2|π〉〉. (A11)

The perturbation superoperators are

K1ρ := ∂θ1L(θ1, θ2)ρ|θ1=θ2=θ

= −i(∂θHeff )ρ +
∑

c

(∂θLc)ρL†
c , (A12)

K2ρ := ∂θ2L(θ1, θ2)ρ|θ1=θ2=θ

= +iρ(∂θHeff )† +
∑

c

Lcρ∂θL†
c , (A13)

where Heff = H − i
2

∑
c L†

c Lc. Defining

Z := � + �∗ = 2Re�, (A14)

the long-time QFI becomes

F (θ ) = T (X + Z ). (A15)

2. Derivation of the bound

The quantum Cramér-Rao bound gives

〈〈	〉〉θ � (∂θ 〈	〉θ )2

F (θ )
. (A16)

In the steady state,

∂θ 〈	(T )〉 = T ∂θ 〈φ〉, 〈〈	(T )〉〉 = T 〈〈φ〉〉. (A17)

Combining these relations with Eq. (A15) yields

(∂θ 〈φ〉)2

〈〈φ〉〉 � X + Z. (A18)

It remains to bound X . By the definition of a2
max in the main

text,

4Tr[∂θLcπ∂θL†
c ] � a2

maxTr[LcπL†
c ]. (A19)

for every channel included in the maximum. Summing over c
gives

X = 4
∑

c

Tr[∂θLcπ∂θL†
c ]

� a2
max

∑
c

Tr[LcπL†
c ] = a2

maxA. (A20)

Substitution into the previous inequality yields Eq. (4).

APPENDIX B: PROOFS OF AUXILIARY PROPERTIES
OF THE INTERTRANSITION TERM

1. Sign of Z
A simple GKSL qubit example also shows that Z need not

be non-negative. Consider

H = σx, L1 = σ−, L2 = σ+, π = 1
2 , (B1)

and perturb only the jump operators according to

∂θH = 0, ∂θL1 = ∂θL2 := −(σx + σz ). (B2)

Then ∂θHeff = i1, so that

K1(ρ) = ρ + (∂θL)ρσx, K2(ρ) = ρ + σxρ(∂θL). (B3)

Evaluated at π = 1/2, this yields

K1(π ) = − i

2
σy, K2(π ) = + i

2
σy. (B4)

On the invariant subspace span{σy, σz} one has

L(σy) = 2σz − σy, L(σz ) = −2σy − 2σz. (B5)

Solving L(X ) = σy within this subspace gives

LD(σy) = −1

3
(σy + σz ), LD(K2(π )) = − i

6
(σy + σz ).

(B6)
Substituting into Eq. (A11) then gives

� = − 4
3 , Z = 2Re(�) = − 8

3 < 0. (B7)
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Thus Z is not sign definite in general. This example also
realizes the single-pair negative-Z criterion discussed in Ap-
pendix C.

2. Operational upper bound

The single-term operational relaxation (32) follows from
the time-integral representation of the Drazin pseudoinverse.
Starting from

� := −4〈〈1|K̂1L̂DK̂2|π〉〉, Z = 2Re�, (B8)

and using

L̂DQ̂ = −
∫ ∞

0
dt etL̂Q̂, (B9)

one obtains

� = 4
∫ ∞

0
dt〈〈u1|etL̂|v2〉〉, (B10)

〈〈u1| := 〈〈1|K̂1, |v2〉〉 := Q̂K̂2|π〉〉. (B11)

Cauchy-Schwarz in Hilbert-Schmidt space together with the
exponential-mixing assumption (31) gives∣∣〈〈u1|etL̂|v2〉〉

∣∣ � Me−�t‖K̂†
1|1〉〉‖2‖Q̂K̂2|π〉〉‖2. (B12)

Integrating over t � 0 and using |Z| � 2|�| yields

|Z| � Z̃ := 8M

�
‖K̂†

1|1〉〉‖2‖Q̂K̂2|π〉〉‖2, (B13)

which is inequality (32).
For any density matrix π � 0 with Tr[π ] = 1,

Tr[∂θLcπ∂θL†
c ] = Tr[π1/2(∂θL†

c∂θLc)π1/2]

� ‖∂θ Lc‖2
op. (B14)

Hence

a2
c (θ ) = 4

Tr[∂θLc(θ )π (θ )∂θL†
c (θ )]

Tr[Lc(θ )π (θ )L†
c (θ )]

� 4
‖∂θLc(θ )‖2

op

Ac(θ )
= ã2

c (θ ). (B15)

APPENDIX C: GROUP-THEORETIC DECOMPOSITION
AND SYMMETRY-CHANNEL CLASSIFICATION

OF THE INTERTRANSITION TERM

The representation-theoretic form used in the main text is
derived below. Under the GKSL assumptions the intertransi-
tion term has the exact real representation

Z = −8Re[〈〈1|K̂1L̂DK̂2|π〉〉]. (C1)

The complex bilinear form inside the real part is analyzed first,
and Z is recovered at the end.

Let G be a compact group with a unitary representation
g �→ Ûg on Liouville space such that

[L̂, Ûg] = 0, ∀g ∈ G. (C2)

Because finite-dimensional unitary representations of com-
pact groups are completely reducible, Liouville space decom-

poses as

HL =
⊕
λ∈Ĝ

Hλ, Hλ
∼= Vλ ⊗ Mλ, (C3)

where Vλ is the carrier space of the irrep λ and Mλ is its
multiplicity space. Let P̂λ be the projector onto Hλ. Since L̂
commutes with every Ûg, each isotypic component is invariant
and therefore

P̂νL̂P̂λ = δνλP̂λL̂. (C4)

The same holds for L̂D. Indeed, L̂D is a spectral function of
L̂ on the decaying subspace, so it commutes with the same
group action, and hence

P̂νL̂DP̂λ = δνλP̂λL̂D. (C5)

Equation (C5) can be refined on each isotypic component. Fix
λ. On Hλ

∼= Vλ ⊗ Mλ, the group acts as D(λ)(g) ⊗ 1Mλ
. The

restricted operator

X̂λ := P̂λL̂DP̂λ (C6)

is an intertwiner of this representation because X̂λ commutes
with every Ûg. By the standard commutant structure of an
isotypic component, equivalently by Schur’s lemma applied
to the irrep factor, there exists a unique operator Rλ on Mλ

such that

P̂λL̂DP̂λ = 1Vλ
⊗ Rλ. (C7)

Thus the full Drazin pseudoinverse is reduced, on each iso-
typic block, to an operator acting only on the multiplicity
space.

If the steady state is unique, then |π〉〉 is symmetry-
invariant. Indeed, Ûg|π〉〉 is also a steady state because
L̂Ûg|π〉〉 = ÛgL̂|π〉〉 = 0, and uniqueness implies Ûg|π〉〉 =
|π〉〉. Also, 〈〈1|Ûg = 〈〈1| because Ûg is trace-preserving. Hence

P̂0|π〉〉 = |π〉〉, 〈〈1|P̂0 = 〈〈1|, (C8)

where λ = 0 denotes the trivial isotypic component.
The exact isotypic decomposition of Z then follows. In-

serting the resolution of identity
∑

λ∈Ĝ P̂λ = 1 on both sides
of L̂D in the bilinear form appearing in Eq. (C1) gives

〈〈1|K̂1L̂DK̂2|π〉〉 =
∑

ν,λ∈Ĝ

〈〈1|K̂1P̂νL̂DP̂λK̂2|π〉〉 (C9)

=
∑
λ∈Ĝ

〈〈1|K̂1P̂λL̂DP̂λK̂2|π〉〉, (C10)

where the second line follows from Eq. (C5). Substituting this
decomposition into Eq. (C1) yields

Z =
∑
λ∈Ĝ

Z (λ), Z (λ) := −8Re[〈〈1|K̂1P̂λL̂DP̂λK̂2|π〉〉].

(C11)
This is the exact symmetry-resolved decomposition stated in
the main text.

Using the support sets introduced in the main text, SR(K̂2)
and SL(K̂1) in Eq. (42), every sector with λ /∈ SL(K̂1) ∩
SR(K̂2) is excluded identically from Eq. (C11). This is the
exact classification of symmetry-allowed sectors.
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The symmetry-preserving case is recovered first. If

[K̂i, Ûg] = 0, ∀g ∈ G, i ∈ {1, 2}, (C12)

then each K̂i belongs to the commutant of the group represen-
tation and therefore preserves every isotypic component:

P̂νK̂iP̂λ = δνλP̂λK̂i. (C13)

Since |π〉〉 is trivial, Eq. (C13) implies K̂2|π〉〉 ∈ H0. Also,
〈〈1|K̂1 has support only in H0. Hence SR(K̂2) = SL(K̂1) =
{0}, so Eq. (C11) reduces to the single term λ = 0. Every
nontrivial irrep is therefore excluded exactly.

Symmetry-covariant perturbations are treated next. Let

{T̂ (μ1 )
a }dμ1

a=1 be an irreducible multiplet contained in K̂1 and

{Ŝ(μ2 )
b }dμ2

b=1 an irreducible multiplet contained in K̂2, transform-
ing as

ÛgT̂ (μ1 )
a Û −1

g =
dμ1∑
c=1

D(μ1 )
ca (g)T̂ (μ1 )

c , (C14)

ÛgŜ(μ2 )
b Û −1

g =
dμ2∑
c=1

D(μ2 )
cb (g)Ŝ(μ2 )

c . (C15)

Because |π〉〉 is invariant, we have

ÛgŜ(μ2 )
b |π〉〉 =

dμ2∑
c=1

D(μ2 )
cb (g)Ŝ(μ2 )

c |π〉〉. (C16)

Thus the map eb �→ Ŝ(μ2 )
b |π〉〉 intertwines the irrep μ2 with the

Liouville-space representation, so its image lies entirely in the
μ2-isotypic component:

P̂λŜ(μ2 )
b |π〉〉 = 0, λ �∼= μ2. (C17)

On the bra side, fix an isotypic component Hλ and define a
linear map F (μ1 )

λ : Hλ → Cdμ1 by

[F (μ1 )
λ (X )]a := 〈〈1|T̂ (μ1 )

a P̂λ|X 〉〉. (C18)

Using 〈〈1|Ûg = 〈〈1| and Eq. (C14), we obtain

F (μ1 )
λ (ÛgX ) = D(μ1 )(g−1)F (μ1 )

λ (X ). (C19)

Therefore F (μ1 )
λ is an intertwiner from the λ-isotypic compo-

nent to the contragredient channel μ∗
1. By Schur’s lemma, it

vanishes unless λ ∼= μ∗
1. Equivalently,

〈〈1|T̂ (μ1 )
a P̂λ = 0, λ �∼= μ∗

1. (C20)

The exact pairwise selection rule now follows. Define the
channel-pair amplitude of the fixed irreducible pair (μ1, μ2)
in the sector λ by

�ab
λ := −4〈〈1|T̂ (μ1 )

a P̂λL̂DP̂λŜ(μ2 )
b |π〉〉. (C21)

By Eqs. (C17) and (C20), one has

�ab
λ = 0 unless λ ∼= μ2

∼= μ∗
1. (C22)

Hence

�ab
λ �= 0 �⇒ μ2

∼= μ∗
1 ⇐⇒ 1 ⊂ μ1 ⊗ μ2. (C23)

This is the irreducible-channel selection rule. For reducible
perturbations one decomposes K̂1 and K̂2 into irreducible
channels and sums over all contragrediently matched pairs.

For the fixed irreducible pair (μ1, μ2), the corresponding con-
tribution to the sector-resolved real quantity is

Z (λ)
(μ1,μ2 ) = 2Re

dμ1∑
a=1

dμ2∑
b=1

�ab
λ . (C24)

Equation (C7) further isolates where the remaining dynam-
ical complexity resides. At the level of a fixed irreducible
pair (μ1, μ2), choose an orthonormal basis {|λ, m, β〉〉} on
Hλ

∼= Vλ ⊗ Mλ, where m = 1, . . . , dλ labels the irrep factor
and β = 1, . . . , dim Mλ labels the multiplicity factor. Write

P̂λŜ(μ2 )
b |π〉〉 =

∑
m,β

c(b)
mβ |λ, m, β〉〉, (C25)

〈〈1|T̂ (μ1 )
a P̂λ =

∑
m,β

d (a)∗
mβ 〈〈λ, m, β|. (C26)

Using Eq. (C7), Eq. (C21) becomes

�ab
λ = −4

dλ∑
m=1

dim Mλ∑
β,β ′=1

d (a)∗
mβ (Rλ)ββ ′c(b)

mβ ′ . (C27)

Thus the irrep index m is contracted trivially, while the non-
trivial resolvent structure for each irreducible channel pair
survives only on the multiplicity space through Rλ.

For the full sector contribution Z (λ), write instead

P̂λK̂2|π〉〉 =
∑
m,β

cmβ |λ, m, β〉〉, (C28)

〈〈1|K̂1P̂λ =
∑
m,β

d∗
mβ〈〈λ, m, β|. (C29)

Then Eq. (C7) together with Eq. (C11) gives

Z (λ) = −8Re

⎡⎣ dλ∑
m=1

dim Mλ∑
β,β ′=1

d∗
mβ (Rλ)ββ ′cmβ ′

⎤⎦. (C30)

Thus symmetry fixes the allowed isotypic blocks, while the
sign within each allowed block is governed by the reduced
pairing of the left and right perturbative couplings through
the reduced resolvent Rλ on the multiplicity space. This is
the precise sense in which symmetry reduces Z to reduced
resolvents on multiplicity spaces.

A further exact corollary gives a sign criterion whenever a
single conjugate relaxation pair exhausts the contribution of
a given symmetry-allowed block. Let Jλ denote the decaying
modes contained in the λ-isotypic component, so that

P̂λL̂DP̂λ =
∑
j∈Jλ

1

λ j
|x j〉〉〈〈y j |. (C31)

Suppose now that only one isotypic component λ contributes
to Eq. (C11), and that within this block only one complex-
conjugate pair of decaying eigenvalues

λ± = −α ± iβ, α > 0, (C32)

contributes. Define the corresponding modal coefficient by

c+ := 〈〈1|K̂1|x+〉〉〈〈y+|K̂2|π〉〉, (C33)

and choose the conjugate partner such that |x−〉〉 = J|x+〉〉
and 〈〈y−| = 〈〈y+|J , where J is the antiunitary Hermitian-
conjugation involution. Then c− = c∗

+. Writing c+ = |c|eiφ ,
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Eq. (C11) yields

Z (λ) = −8Re

(
c+
λ+

+ c∗
+

λ∗+

)
= −16Re

(
c+
λ+

)

= − 16|c|
α2 + β2

(−α cos φ + β sin φ). (C34)

Hence

Z (λ) < 0 ⇐⇒ Re

(
c+
λ+

)
> 0 ⇐⇒ −α cos φ + β sin φ>0.

(C35)

The explicit qubit counterexample given above is of this type
after the Z2 parity decomposition of Liouville space generated
by conjugation with σx: only the parity-odd block contributes,
and within that block the Liouvillian has a single complex-
conjugate relaxation pair.

For an Abelian U (1) symmetry the irreps are one-
dimensional charge sectors. Then μ∗

q = μ−q, so Eq. (C23)
reduces to the charge-selection rule q2 = −q1. In particu-
lar, symmetry-preserving perturbations have q1 = q2 = 0 and
therefore probe only the neutral decaying sector, whereas a
perturbation such as σx = σ+ + σ− decomposes into charge
+1 and charge −1 channels and can therefore activate the
coherence sectors.

[1] A. C. Barato and U. Seifert, Thermodynamic uncertainty rela-
tion for biomolecular processes, Phys. Rev. Lett. 114, 158101
(2015).

[2] J. M. Horowitz and T. R. Gingrich, Thermodynamic uncertainty
relations constrain non-equilibrium fluctuations, Nat. Phys. 16,
15 (2020).

[3] K. Liu, Z. Gong, and M. Ueda, Thermodynamic uncertainty
relation for arbitrary initial states, Phys. Rev. Lett. 125, 140602
(2020).

[4] C. Dieball and A. Godec, Direct route to thermodynamic un-
certainty relations and their saturation, Phys. Rev. Lett. 130,
087101 (2023).

[5] I. Di Terlizzi and M. Baiesi, Kinetic uncertainty relation,
J. Phys. A: Math. Theor. 52, 02LT03 (2019).

[6] J. Yan, A. Hilfinger, G. Vinnicombe, and J. Paulsson, Kinetic
uncertainty relations for the control of stochastic reaction net-
works, Phys. Rev. Lett. 123, 108101 (2019).

[7] K. Macieszczak, Ultimate kinetic uncertainty relation and opti-
mal performance of stochastic clocks, arXiv:2407.09839.

[8] K. Prech, G. T. Landi, F. Meier, N. Nurgalieva, P. P. Potts, R.
Silva, and M. T. Mitchison, Optimal time estimation and the
clock uncertainty relation for stochastic processes, Phys. Rev.
X 15, 031068 (2025).

[9] S. V. Moreira, M. Radaelli, A. Candeloro, F. C. Binder, and
M. T. Mitchison, Precision bounds for multiple currents in open
quantum systems, Phys. Rev. E 111, 064107 (2025).

[10] Y. Hasegawa, Quantum thermodynamic uncertainty relation for
continuous measurement, Phys. Rev. Lett. 125, 050601 (2020).

[11] M. J. Kewming, A. Kiely, S. Campbell, and G. T. Landi, First
passage times for continuous quantum measurement currents,
Phys. Rev. A 109, L050202 (2024).

[12] K. Prech, P. P. Potts, and G. T. Landi, Role of quantum co-
herence in kinetic uncertainty relations, Phys. Rev. Lett. 134,
020401 (2025).

[13] Z. Gong, Y. Ashida, and M. Ueda, Quantum-trajectory ther-
modynamics with discrete feedback control, Phys. Rev. A 94,
012107 (2016).

[14] F. Liu and J. Xi, Characteristic functions based on quantum
jump trajectory, Phys. Rev. E 94, 062133 (2016).

[15] F. Carollo, R. L. Jack, and J. P. Garrahan, Unraveling the large
deviation statistics of Markovian open quantum systems, Phys.
Rev. Lett. 122, 130605 (2019).

[16] D. A. Lidar, Lecture notes on the theory of open quantum
systems, arXiv:1902.00967.

[17] X. He, P. Pakkiam, A. A. Gangat, M. J. Kewming, G. J. Milburn,
and A. Fedorov, Effect of measurement backaction on quantum
clock precision studied with a superconducting circuit, Phys.
Rev. Appl. 20, 034038 (2023).

[18] G. T. Landi, M. J. Kewming, M. T. Mitchison, and P. P. Potts,
Current fluctuations in open quantum systems: Bridging the gap
between quantum continuous measurements and full counting
statistics, PRX Quantum 5, 020201 (2024).

[19] M. A. C. Rossi, F. Albarelli, D. Tamascelli, and M. G. Genoni,
Noisy quantum metrology enhanced by continuous nondemoli-
tion measurement, Phys. Rev. Lett. 125, 200505 (2020).

[20] T. Ilias, D. Yang, S. F. Huelga, and M. B. Plenio, Criticality-
enhanced quantum sensing via continuous measurement, PRX
Quantum 3, 010354 (2022).

[21] D. Yang, S. F. Huelga, and M. B. Plenio, Efficient information
retrieval for sensing via continuous measurement, Phys. Rev. X
13, 031012 (2023).

[22] M. Ueda, N. Imoto, and T. Ogawa, Quantum theory for
continuous photodetection processes, Phys. Rev. A 41, 3891
(1990).

[23] W. S. Bakr, J. I. Gillen, A. Peng, S. Fölling, and M. Greiner,
A quantum gas microscope for detecting single atoms in
a Hubbard-regime optical lattice, Nature (London) 462, 74
(2009).

[24] J. F. Sherson, C. Weitenberg, M. Endres, M. Cheneau, I. Bloch,
and S. Kuhr, Single-atom-resolved fluorescence imaging of an
atomic Mott insulator, Nature (London) 467, 68 (2010).

[25] Y. S. Patil, S. Chakram, and M. Vengalattore, Measurement-
induced localization of an ultracold lattice gas, Phys. Rev. Lett.
115, 140402 (2015).

[26] Y. Ashida and M. Ueda, Diffraction-unlimited position mea-
surement of ultracold atoms in an optical lattice, Phys. Rev.
Lett. 115, 095301 (2015).

[27] P. B. Wigley, P. J. Everitt, K. S. Hardman, M. R. Hush, C. H.
Wei, M. A. Sooriyabandara, P. Manju, J. D. Close, N. P. Robins,
and C. C. N. Kuhn, Non-destructive shadowgraph imaging of
ultra-cold atoms, Opt. Lett. 41, 4795 (2016).

[28] C. Gross and W. S. Bakr, Quantum gas microscopy for single
atom and spin detection, Nat. Phys. 17, 1316 (2021).

[29] Y. Fuji and Y. Ashida, Measurement-induced quantum critical-
ity under continuous monitoring, Phys. Rev. B 102, 054302
(2020).

[30] S.-K. Jian, C. Liu, X. Chen, B. Swingle, and P. Zhang,
Measurement-induced phase transition in the monitored

062443-12

https://doi.org/10.1103/PhysRevLett.114.158101
https://doi.org/10.1038/s41567-019-0702-6
https://doi.org/10.1103/PhysRevLett.125.140602
https://doi.org/10.1103/PhysRevLett.130.087101
https://doi.org/10.1088/1751-8121/aaee34
https://doi.org/10.1103/PhysRevLett.123.108101
https://arxiv.org/abs/2407.09839
https://doi.org/10.1103/rpls-mp8z
https://doi.org/10.1103/PhysRevE.111.064107
https://doi.org/10.1103/PhysRevLett.125.050601
https://doi.org/10.1103/PhysRevA.109.L050202
https://doi.org/10.1103/PhysRevLett.134.020401
https://doi.org/10.1103/PhysRevA.94.012107
https://doi.org/10.1103/PhysRevE.94.062133
https://doi.org/10.1103/PhysRevLett.122.130605
https://arxiv.org/abs/1902.00967
https://doi.org/10.1103/PhysRevApplied.20.034038
https://doi.org/10.1103/PRXQuantum.5.020201
https://doi.org/10.1103/PhysRevLett.125.200505
https://doi.org/10.1103/PRXQuantum.3.010354
https://doi.org/10.1103/PhysRevX.13.031012
https://doi.org/10.1103/PhysRevA.41.3891
https://doi.org/10.1038/nature08482
https://doi.org/10.1038/nature09378
https://doi.org/10.1103/PhysRevLett.115.140402
https://doi.org/10.1103/PhysRevLett.115.095301
https://doi.org/10.1364/OL.41.004795
https://doi.org/10.1038/s41567-021-01370-5
https://doi.org/10.1103/PhysRevB.102.054302


RESPONSE KINETIC UNCERTAINTY RELATION FOR … PHYSICAL REVIEW A 113, 062443 (2026)

Sachdev-Ye-Kitaev model, Phys. Rev. Lett. 127, 140601
(2021).

[31] T. Müller, S. Diehl, and M. Buchhold, Measurement-induced
dark state phase transitions in long-ranged fermion systems,
Phys. Rev. Lett. 128, 010605 (2022).

[32] M. Krishna, P. Solanki, M. Hajdušek, and S. Vinjanampathy,
Measurement-induced continuous time crystals, Phys. Rev.
Lett. 130, 150401 (2023).

[33] K. Yokomizo and Y. Ashida, Measurement-induced phase tran-
sition in free bosons, Phys. Rev. B 111, 235419 (2025).

[34] Y. Ashida, K. Saito, and M. Ueda, Thermalization and heating
dynamics in open generic many-body systems, Phys. Rev. Lett.
121, 170402 (2018).

[35] M. J. Kewming and S. Shrapnel, Entropy production and fluc-
tuation theorems in a continuously monitored optical cavity at
zero temperature, Quantum 6, 685 (2022).

[36] G. Manzano and R. Zambrini, Quantum thermodynamics under
continuous monitoring: A general framework, AVS Quantum
Sci. 4, 025302 (2022).

[37] A. Das, S. Mahunta, B. K. Agarwalla, and V. Mukherjee,
Precision bound and optimal control in periodically modu-
lated continuous quantum thermal machines, Phys. Rev. E 108,
014137 (2023).

[38] K. Ptaszyński, T. Aslyamov, and M. Esposito, Dissipation
bounds precision of current response to kinetic perturbations,
Phys. Rev. Lett. 133, 227101 (2024).

[39] K. Liu and J. Gu, Dynamical activity universally bounds
precision of response in Markovian nonequilibrium systems,
Commun. Phys. 8, 62 (2025).
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