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While most of the existing quantum information engines assisted by Maxwell’s demon harness thermal
fluctuations, those that rectify only quantum fluctuations have recently been constructed. We propose an
alternative type of quantum information engine that harnesses only quantum fluctuations to achieve cumulative
energy storage and unidirectional transport of a particle. This unidirectional transport makes a stark contrast
with the case without Maxwell’s demon where the motion of a particle is confined to a finite region due to
Bloch oscillations. We find a trade-off relationship between the maximum power and the maximum velocity.
With an improved definition of efficiency that includes all possible energy flows in the engine cycle, we
numerically demonstrate the absence of a trade-off relationship among power, efficiency, and power fluctuations
that is present for classical heat engines and classical information engines. We also evaluate the influence of
experimentally unavoidable measurement imprecision on the performance of the quantum Maxwell’s demon.
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I. INTRODUCTION

The extractable work of a classical heat engine (CHE)
is fundamentally limited by the second law of thermody-
namics. The Szilárd engine is the first classical information
heat engine (CIHE) that utilizes Maxwell’s demon, who can
perform measurement and feedback (FB) control to seem-
ingly extract more work by harnessing thermal fluctuations
than the second-law constraint, where the extra work gain is
compensated for by the energy cost of information processing
[1–7]. Quantum information heat engines (QIHEs) have been
proposed theoretically [8–20] and realized experimentally
[21–29]. However, most of them extract work by rectifying
thermal fluctuations, and the role of quantum fluctuations
remains elusive.

Quantum fluctuations, by which we mean the intrinsic
randomness of measurement outcomes for quantum states,
are unique to quantum systems. Recently, a minimal model
of quantum information engines that rectifies only quantum
fluctuations has been proposed [30], where the working agent
gains energy directly from quantum measurements on ob-
servables that do not commute with the system Hamiltonian.
We call this type of quantum information engine a genuinely
quantum information engine (GQIE) because thermal effects
are absent.

If one can also store the extracted energy to transport
a particle uphill against a potential barrier, then the stored
energy can be utilized on demand [31–33]. From an energy-
storage viewpoint, the energy increase can be regarded as
charging a quantum battery [34,35]. This noncyclic transport
engine is crucially important, for example, in molecular mo-
tors [36–41], aside from the interest in transport phenomena
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themselves [42,43]. A prototypical example of a transport
CIHE was realized experimentally with a Brownian particle
by Toyabe et al. [31], and its power, transport velocity, and ef-
ficiency have been investigated in Refs. [32,33,44]. Recently,
a transport GQIE has been proposed [45]. However, a heat
bath is used to prepare an equilibrium state in each cycle
with unknown thermalization times, which makes it difficult
to evaluate its power and velocity.

In this paper, we propose a quantum counterpart of Toy-
abe’s CIHE, i.e., a GQIE with a tilted one-dimensional (1D)
lattice that can store energy cumulatively without resorting to
thermalization and allows us to introduce well-defined power
and velocity. The achieved unidirectional transport is highly
nontrivial because, without Maxwell’s demon, a particle in
this lattice undergoes Bloch oscillations, which prohibit trans-
port [46,47]. We find that the maximum power and velocity
obey a trade-off relationship, implying that a larger power can
be obtained at the expense of a smaller velocity and vice versa.
We define its efficiency by considering both the energy costs
of measurement and information erasure [6,7]. We report the
absence of a trade-off relationship among power, efficiency,
and power fluctuations, which is present for CHEs [48] and
CIHEs [49]. We study the influence of measurement impreci-
sion [50], which is relevant to experiments [51].

II. SETUP

A particle hops on a tilted 1D lattice as schematically
illustrated in Fig. 1(a). It is described by the Wannier-Stark
(WS) Hamiltonian [47,52,53],

HWS =
+∞∑

n=−∞
−J (|n〉〈n + 1| + |n + 1〉〈n|) + �n|n〉〈n|, (1)
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(a) (b)

FIG. 1. (a) Setup. A particle hops on a one-dimensional tilted
lattice with lattice constant d , hopping amplitude J , and step height
�. If a projective position measurement finds the particle at site j, the
potential at site j − 1 is instantly raised by V � �, J to prevent the
particle from hopping downward. The particle then evolves accord-
ing to Eq. (3) during time t . Then we perform the projective position
measurement again, which may find a particle at a higher position
j ′ > j. Through repetitive measurement and feedback, the particle
climbs up the stairs to gain potential energy. (b) Numerical simu-
lations of the traveled distance for 100 realizations (thin colored),
each of which runs 1000 engine cycles with α := �/J = 10 and
Ṽ = 103. The single-cycle optimization (black dotted) agrees well
with the trajectory ensemble average (thick red).

where J is the hopping amplitude, � := Fd > 0 is the step
height, F is the gradient force, d is the lattice constant, and
{|n〉} are the localized Wannier states [54–56]. This Hamilto-
nian has been widely implemented and utilized in experiments
of cold atoms in optical lattices [57–61]. It is an approxima-
tion to a continuous-space Hamiltonian HWS = −h̄2∂2

x /2m +
U (x) + Fx, where U (x + d ) = U (x) is a 1D periodic poten-
tial. We aim to pump up the particle against the linear potential
to accumulate energy in its potential energy and achieve di-
rected motion through the following four steps:

Step 1—measurement. The initial state is a pure state at
the first cycle or the time-evolved state of the previous cycle
for later cycles. Projective position measurement is performed
with the measurement operator Mj = � j := | j〉〈 j|.

Step 2—feedback control. If the particle is detected at site
j, the potential at site j − 1 is instantly raised by V � �, J
to prevent the particle from hopping downward, resulting in
a new Hamiltonian Hj := HWS + V � j−1. The FB is ideally
cost-free because the external work performed on the particle
by this instantaneous feedback quench is

WFB( j) := 〈 j|(Hj − HWS)| j〉, (2)

which vanishes for an ideal projective position measurement
[5–7,19,45,62,63].

Step 3—unitary evolution. The particle evolves unitarily
during time t , which is a free parameter, with the new Hamil-
tonian Hj . A sufficiently large V effectively imposes a rigid
wall at site j − 1 such that the wave function vanishes ∀ n �
j − 1, giving an effective Hamiltonian

Hj = −J
N−1∑
n= j

(|n〉〈n + 1| + |n + 1〉〈n|) + �

N∑
n= j

n�n, (3)

where the chain is truncated at site N for numerical simu-
lations. The truncation is valid if N � 〈n〉, where 〈n〉 is the
distance traveled (to be defined later). This semi-infinite chain
description is justified by the Schrieffer-Wolff transformation

in the large-V limit and the requirement on the largeness of V
is also given in Appendix A 1.

Step 4—information erasure. We erase the information of
measurement outcomes stored in the probe’s memory and start
the next cycle.

III. POWER AND VELOCITY

We are interested in the average energy storage rate (power
p), the particle transport rate (velocity v), and the efficiency η

which is defined later. Without loss of generality, the particle
is initially localized at site 0 with a rigid wall placed at site
−1, governed by the Hamiltonian H0. The average distance
traveled by the particle per cycle in units of d is defined
as 〈n(t )〉 := 〈ψ (t )|∑N

n=0 n�n|ψ (t )〉 = ∑N
n=0 nP(n, t ), where

P(n, t ) := |〈n|ψ (t )〉|2 is the probability of the particle being
found at site n at time t and |ψ (t )〉 := exp(−iH0t/h̄)|0〉 is
the time-evolved state. The average energy gain per cycle,
power, and transport velocity are defined as E (t ) := �〈n(t )〉,
p(t ) := E (t )/t , and v(t ) := 〈n(t )〉/t = p(t )/�, respectively.

We argue that these quantities can be studied within a
single cycle because all cycles undergo the same dynamics
except for a shift in the site index. For a trajectory consisting
of M FB cycles, the total accumulated energy gain is given
by W := ∑M

i=1 wi, where a stochastic variable wi denotes the
energy stored in the ith cycle. This stochastic energy gain is
defined as follows: Suppose that at the (i − 1)st cycle the out-
come of the projective measurement is n, so that the particle’s
potential energy is n�; in the next ith cycle, the measure-
ment gives an outcome n + l (l ∈ N) and the potential energy
becomes (n + l )�, thus giving the energy gain of wi = l�.
The values of wi and w j for i 	= j are independent because
the rank-1 measurement eliminates the quantum coherence
in the measured state, and the time evolution is the same
except for a shift in the site index. For any cycle, wi has
the same average value E defined previously. In the limit
of M → +∞, the power of a long trajectory converges to
p = limM→+∞

∑M
i=1 wi/Mt = ME/Mt = E/t due to the law

of large numbers, i.e., limM→+∞
∑M

i=1 wi = limM→+∞ ME .
Therefore, it is sufficient to study the performance within one
cycle.

We define the dimensionless gradient α := �/J , the
evolution time τ := Jt/h̄, and the dimensionless Hamil-
tonian H̃0 := H0/J . The performance of the engine is
measured by Ẽ (α, τ ) := E (t )/J for energy, p̃(α, τ ) :=
Ẽ (α, τ )/τ = ph̄/J2 for power, and ṽ(α, τ ) := 〈n(t )〉/τ =
vh̄/J = p̃(α, τ )/α for velocity. We study the dynamics nu-
merically with two tunable parameters α and τ . We take N =
1000 so that the effect of the right boundary can be neglected,
except for Fig. 2(d), where N = 10 000.

The maximal power for a fixed value of α is defined as

p̃max(α) := max
τ

p̃(α, τ ) = p̃(α, τ ∗
p (α)), (4)

where the optimal time is τ ∗
p (α) := argmaxτ p̃(α, τ ); see the

inset of Fig. 2(a) as an example. Because p̃ = αṽ, we have
τ ∗
v (α) = τ ∗

p (α). The maximum velocity is

ṽmax(α) := max
τ

ṽ(α, τ ) = ṽ(α, τ ∗
p (α)) = p̃max(α)

α
. (5)
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FIG. 2. (a) Maximal power p̃max(α) and (b) maximal velocity
ṽmax(α) as functions of gradient α. The blue curves are numerical
results, and the orange dashed curves show the asymptotic results
for large α (see Sec. III). The inset in panel (a) shows p̃(1, τ ) as a
function of τ , indicating a well-defined optimal time. (c) Optimal
time τ ∗

p (α) for p̃max and ṽmax. The orange-dashed curve is predicted
by the large-α theory (see Sec. III). Data fitting (red) gives τ ∗ ∝
α−0.64 for small α. (d) Velocity for α = 0 with N = 10 000 sites. The
inset shows the displacement 〈n(τ )〉. Both insets are plotted in linear
scales. After a negligible transient stage, the velocity reaches about
1.7 until the wave packet reaches the right boundary, as plotted in the
inset.

Figures 2(a) and 2(b) plot p̃max(α) and ṽmax(α), respec-
tively. We see that p̃max increases monotonically, as opposed
to ṽmax, indicating a trade-off that a large power is attained
at the expense of a suppressed velocity and vice versa. This
is our first main observation. In Fig. 2(c), the optimal time
τ ∗

p (α) is plotted as a function of α. The particle is effectively
described by a two-site system for large α, and for small α the
particle travels almost on a flat chain with an initial velocity
of 1.7 due to Heisenberg’s uncertainty relation associated with
the initial localization, as shown in Fig. 2(d). We provide
detailed analyses below.

In the large-α regime, the dynamics is governed by an ef-
fective Hamiltonian H̃eff = −(|0〉〈1| + |1〉〈0|) + α|1〉〈1|. At
time τ , the state |ψ (α, τ )〉 = exp(−iH̃effτ )|0〉 can be given
analytically as |ψ (α, τ )〉 = c0(α, τ )|0〉 + c1(α, τ )|1〉, where

c0(α, τ ) = e−i ατ
2√

4 + α2

[√
4 + α2 cos

(√
4 + α2τ

2

)

+ iα sin

(√
4 + α2τ

2

)]
, (6)

c1(α, τ ) = 2ie−i ατ
2√

4 + α2
sin

(√
4 + α2τ

2

)
. (7)

Therefore, the expected value of the energy gain is
Ẽ (α, τ ) = α|c1(α, τ )|2 = 4α sin2[(4 + α2)1/2τ/2]/(4 + α2).
Because α � 1, it can be simplified as Ẽ (α, τ ) ≈
4 sin2(ατ/2)/α. Dividing it by τ yields the power as
p̃(α, τ ) = 4 sin2(ατ/2)/ατ , which attains its maximal value
p̃max(α) ≈ 1.44 at τ ∗

p (α) ≈ 2.33/α. The maximum velocity is
given by ṽmax(α) = p̃max(α)/α ≈ 1.44/α, which is obtained
for the same operation time, in excellent agreement with the

numerical results in Fig. 2. The reason is that although the
probability of the particle hopping to the right neighboring
site is small, once it hops, a large amount of energy α is
gained in the potential energy.

In the small-α regime, we provide a qualitative explana-
tion for the saturation of ṽmax at a value of about 1.7 in
Fig. 2(b). We consider a flat lattice in the α → 0 limit. Ini-
tially, the particle is localized at site 0. After a short transient
dynamics about τ = O(1), the particle travels in the posi-
tive direction at a constant velocity, as shown in Fig. 2(d).
For a long but finite chain as used in the simulation, the
wave function will eventually be reflected back by the right
boundary. We use an N = 10 000 chain and let the dynamics
run for τ = 20000. As shown in the inset of Fig. 2(d), the
traveled distance 〈n(τ )〉 first linearly increases with τ except
for a negligible transient period, and then decreases due to
the reflection when it reaches 〈n(τ )〉 = 10 000. The velocity
is kept constant before the wave function reaches the right
boundary. The physics underlying the value of this constant
velocity is attributed to Heisenberg’s uncertainty principle.
Since the particle is initially localized, its momentum un-
dergoes significant quantum-mechanical fluctuations, which
provide the initial energy for the particle to travel to the right.
Because the initial kinetic energy K has zero mean, its stan-
dard deviation is given by σ (K ) = [〈ψ (0)|H2

0 |ψ (0)〉]1/2 = J .
Therefore, the velocity is expected to be about ṽ = vh̄/Jd =
(h̄/Jd )[2σ (K )/m∗]1/2 = 2 with m∗ = h̄2/2Jd2 being the ef-
fective mass of the particle [53]. This value is close to the
numerically obtained result of 1.7.

IV. EFFICIENCY

The efficiency of a CHE is defined as the ratio of the
output work to the heat absorbed from a hot heat bath. We
define the efficiency η of our engine analogously by clarifying
the energy flows in Fig. 3(a). A crucial difference from a
CHE is the origin of the total energy input, which involves
two contributions: (1) In Step 1, the measurement on average
increases the internal energy of the particle [S in Fig. 3(a)]
by E , requiring an energy input Emeas. (2) In Step 4, the state
of the probe [M in Fig. 3(a)] is reset to its default value by
discarding the information about the measurement outcomes
stored in its memory through coupling with a heat bath at
temperature T in Fig. 3(a) according to Landauer’s protocol
[64–66]. This requires an energy input Eeras. The total energy
input is Ecost = Emeas + Eeras. We note that the energy resource
is not a heat bath.

It is proven that a fundamental minimal total-energy cost
Ecost exists, whereas no fundamental lower bound exists for
each individual process of measurement and erasure [6,7].
This implies the necessity of considering both energy inputs to
define efficiency. In Refs. [30,45,63], Emeas is not considered
as an input, while in Refs. [10,12], Eeras is not included. In
the former, the efficiency is defined as η′ := (E − Eeras)/E .
However, information erasure can, in principle, be performed
without work [6,67], resulting in η′ = 1 regardless of the
details of the engine. On the other hand, a simple replacement
of Eeras by Ecost does not give a proper definition because for
all cases η′′ := (E − Ecost )/E < 0.
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FIG. 3. (a) Energy flow diagram for our engine. The probe M plays the role of an agent because it is cyclic. The total energy input Ecost

consists of the costs of measurement and information erasure, whose resource is not a heat bath. Heat q := Ecost − E is dissipated into a heat
bath at temperature T to erase the information in M. The FB stores energy E in the potential energy of the particle S. (b) The maximal efficiency
ηmax(α) for T̃ = 0.1 (blue), 1 (orange), and 10 (green). The dashed curves show the large-α approximation. (c) Optimal time τ ∗

η (α) with T̃ = 1.
The orange dashed line is the large-α calculation and data fitting (red) for the small-α region gives an almost inverse linear relation.

We therefore define the efficiency of our engine as

η(�, t ) := E

Ecost
= E (�, t )

E (�, t ) + kBT H (�, t )
, (8)

where we use standard techniques in information thermody-
namics [6,7,68–73] to get Ecost = E + kBT H [6,7,71] with
H (�, t ) := −∑

n P(n) ln P(n) � 0 being the Shannon en-
tropy of the probability distribution {P(n)} of measurement
outcomes. The definition (8) ensures η ∈ [0, 1]. During the
erasure process, heat q := Ecost − E = kBT H is dissipated
into the heat bath. We have η(α, τ ) = Ẽ (α, τ )/[Ẽ (α, τ ) +
T̃ H (α, τ )], where T̃ := kBT/J . With Eq. (8), the value of the
optimal efficiency in Refs. [30,45,63] and the corresponding
conditions remain unchanged while avoiding unphysical con-
sequences discussed in the last paragraph.

The solid curves in Fig. 3(b) show the maximal efficiency

ηmax(α) := max
τ

η(α, τ ) = η(α, τ ∗
η (α)) (9)

for dimensionless temperature T̃ = 0.1, 1, and 10. The opti-
mal time τ ∗

η (α) is plotted in Fig. 3(c). The maximal efficiency
increases almost monotonically and saturates at unity with
a small bump in the middle. The bump is attributed to
the complicated quantum interference between Bloch oscil-
lations and a wave reflected by the left rigid wall, which
coherently shrinks the spread of the wave packet with some
irregularity (see Appendix A 2 for details). In the large-
α regime, we have η(α, τ ) = 4 sin2(ατ/2)/{4 sin2(ατ/2) +
αT̃ H[4 sin2(ατ/2)/α2]}. The maximum η is obtained at
τ ∗
η (α) = (2k − 1)π/α where k ∈ N, giving

ηmax(α) = 1

1 + T̃
4 αH

(
4
α2

) , (10)

which approaches unity because αH (4/α2) → 8 ln(α)/α →
0. It is plotted in dashed curves in Fig. 3(b) and agrees well
with the numerical results where a spurious divergence occurs
at α = 2, indicating the breakdown of the large-α approxi-
mation. This unit efficiency is similar to that in Refs. [30,45]
because H is so small that the dissipated heat q is small. The
large-α approximation of τ ∗

η also agrees with Fig. 3(c). The
unit efficiency is our second main observation.

V. ABSENCE OF A TRADEOFF AMONG p, η, AND VAR[p]

It is proven that an inequality p � �p(η∗ − ηcl )/ηclkBTcl

holds for CHEs [48] and CIHEs [49], where �p characterizes
the power fluctuations and η∗ is Carnot’s efficiency for CHEs
and η∗ = 1 for CIHEs. This trade-off indicates that a C(I)HE
operating at a finite p and a finite ηcl cannot have vanishing
power fluctuations. We report the absence of such a trade-off
relationship in our engine.

To show the absence of the trade-off relationship, we test
the validity of the following inequality:

p � �p

kBT

1 − η

η
= t

2

Var[p]

kBT

1 − η

η
, (11)

where we use the quantities defined within a single engine
cycle and replace Tcl by T , which is the temperature of a
heat bath coupled with the measurement apparatus to erase
the information. The other two quantities �p and Var[p] are
given below.

The power fluctuation defined on a long-time run is
given by �p := limM→+∞ Var[W ]/2Mt , where Var[W ] is
the variance of the accumulated energy gain after time Mt .
Because wi and w j are independent if i 	= j, we have �p =
limM→+∞ MVar[E ]/2Mt = limM→+∞ Mt2Var[p]/2Mt =
tVar[p]/2, where in the first equality we denote Var[E ] as
the variance of the energy gain for a single cycle, and in the
second equality we denote

Var[p] := Var[E ]

t2
:= 1

t2

[
�2

N∑
0

n2P(n; t ) − E (t )2

]
(12)

as the variance of the power using the definition p := E/t .
Rearranging terms of the inequality (11) gives an inequality
Q := Var[p]H/p2 � 2, which is similar to the thermodynamic
uncertainty relation (TUR) [74,75]. Using the dimensionless
quantities, we have for the TUR-like inequality

Q(α, τ ) := Var[ p̃]

p̃2
H � 2, (13)

and it can be equivalently rewritten as p̃ � �p̃(1 −
η)/T̃ η = τVar[ p̃](1 − η)/2T̃ η, where �p̃ := τVar[ p̃]/2 =
h̄�p/J3 and Var[ p̃] = h̄2Var[p]/J4.

We test the validity of the inequality (13) for our engine.
If no violation is found, a trade-off relationship holds for
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FIG. 4. (a) Numerical calculation of Q(α, τ ) − 2 defined in inequality (13) for α ∈ [10−2, 102] and τ ∈ [0, 500]. Data points representing
Q − 2 < 0 are plotted in red, and non-negative points are shown in gray, where whiter colors represent larger values. A clear boundary near
α = 3.6 that separates the two regions is indicated by the dashed line; to the left of it, violation of the inequality is allowed. (b) Qmin (red curve)
versus α. The gray dashed line shows the bound (13) to be tested (see the main text). (c)–(f) Numerical results of p̃, Var[ p̃], H , and �p̃, where
τ = τ ∗

Q(α). The orange dashed curves show the results obtained with the large-α approximation.

GQIEs; if it is violated but the value of Q bounded from below
by a different positive constant, the trade-off relation p �
AVar[p](1 − η)/η holds, but with A 	= t/2kBT ; if the value
of Q can vanish, the trade-off relation p � AVar[p](1 − η)/η
does not exist.

In Fig. 4(a), we numerically calculate the value Q − 2
for α ∈ [10−2, 102] and τ ∈ [0, 500]. The points representing
Q − 2 < 0 are plotted in red, and non-negative values are
plotted in gray (the larger, the whiter). There exists a clear
boundary located near α = 3.6 (green dashed line), to the
right of which the value of Q − 2 is always non-negative, and
on the other side, negative values are allowed. This means that,
if α < 3.6, the TUR-like inequality (13) can be violated in our
engine, while for α > 3.6 the inequality holds true.

We calculate the minimum value of Q for a fixed α defined
as

Qmin(α) := min
τ

Q(α, τ ) = Q(α, τ ∗
Q(α)), (14)

where the “worst” time is defined as τ ∗
Q(α) :=

argminτ Q(α, τ ). Numerical results plotted in Fig. 4(b)
show that Q is lower-bounded by 0. Hence, a trade-off
relation of the form

p � AVar[p]
1 − η

η
, (15)

with A being any positive constant, does not hold for our
engine. This implies that our engine can operate at a finite p
and a finite η with vanishing Var[p], and thus can be more
stable than C(I)HEs. The reason is due to the absence of
thermal fluctuations and the coherent quantum evolution. This
is our third main observation.

We give an explanation of the boundary near α = 3.6 by
using the large-α approximation. From the definition of the
variance of power, for a large α we have Var[ p̃](α, τ ) =
4 sin2(ατ/2)/τ 2. Therefore, we obtain Q(α, τ ) = H (x)/x =:
Q(x), where x(α, τ ) := 4 sin2(ατ/2)/α2. For x ∈ (0, 1), the
function Q(x) monotonically decreases with increasing x.
Solving Q < 2 therefore gives x(α, τ ) > 0.31. Because
xmax(α) := maxτ x(α, τ ) = 4/α2, which is a decreasing func-
tion of α, we have α < 3.6, which agrees well with the
numerical results.

The validity of the inequality (13) for large α can also
be understood from this analysis. In this case, x is at most
O(α−2), which is very small. This implies that Q has a
large minimal value of O(2 ln α), which agrees with the nu-
merical results in Fig. 4(b). It is due to the large variance
of the power in this regime as shown in Figs. 4(d) and
4(f) for Var[ p̃]Qmin(α) := Var[ p̃](α, τ ∗

Q(α)) and �p̃Qmin(α) :=
�p̃(α, τ ∗

Q(α)), respectively. From the variance of power, we
have �p̃(α, τ ) = 2 sin2(ατ/2)/τ . To minimize the Q value,
one needs to choose x as large as possible, implying that
ατ ∗

Q(α) = (2n − 1)π for n ∈ N. Because α is large, the min-
imal time τ ∗

Q(α) ≈ π/α is so small that Var[ p̃]Qmin(α) ≈
4α2/π2 and �p̃Qmin(α) ≈ 2α/π . The power is finite and close
to p̃Qmin ≈ 4/π as shown in Fig. 4(c). The Shannon entropy
is about HQmin ≈ −4/α2 ln(4/α2) which is small, as shown in
Fig. 4(e), but not small enough to dominate the large fluctu-
ations. The rapid oscillations that appear in Figs. 4(c), 4(d),
and 4(f) are due to numerical precision in evaluating the worst
time τ ∗

Q(α). Because of a large α, a slight deviation from the
worst time results in a significant change in the values of these
quantities. Nevertheless, the profiles that bound the numerical
results from above are very close to the large-α predictions.
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We provide a qualitative understanding of the small- and
the intermediate-α regimes. The minimal value of Q al-
most saturates at the trivial lower bound of 0, as depicted
in Fig. 4(b). In the small-α regime, due to the dominance
of hopping J , the wave packet is expected to have a large
spread, which results in a large Shannon entropy, as shown
numerically in Fig. 4(e). Although the power tends to vanish
as shown in Fig. 2(a), the power fluctuation vanishes much
quicker [see Figs. 4(d) and 4(f)] because α is so small that
a large variance in the wave function cannot result in a sig-
nificant variance in the power. In the intermediate regime,
Bloch oscillations become relevant, and the complicated inter-
ference discussed previously about the bumps again appears.
The spread of the wave function is suppressed by Bloch os-
cillations so that a drop in the Shannon entropy arises. This
constrained wave packet, in turn, implies a small but nonzero
variance in the power.

VI. IMPRECISE MEASUREMENTS

For a quantum system with Hilbert space H spanned
by {|i〉}, a general measurement operator yielding an out-
come j has a general form [50] Mj := ∑

i fi( j)�i, satisfying
the completeness condition

∑
j M†

j Mj = I . A precise mea-
surement has a set of measurement operators satisfying
∀ j, fi( j) = δi j . The other cases are referred to as im-
precise measurements. We consider a general imprecise
measurement. Suppose that, at the beginning of a feedback
cycle (t = t0), the system is in state |ψ (t0)〉 = ∑

n cn(t0)|n〉,
where cn(t0)′s are the coefficients. We measure the sys-
tem and obtain an outcome j with probability P( j) :=
〈ψ (t0)|M†

j Mj |ψ (t0)〉, and the postmeasurement state becomes
|ψ ′(t0)〉 := Mj |ψ (t0)〉/√P( j), which is generally still a linear
combination of all bases. Feedback control conditioned on the
outcome j brings the Hamiltonian from H (t0) to H ′

j (t0) in an
infinitesimal time as a quench [31,45]. Due to the imprecision,
this quench generally involves direct energy exchange with
the feedback controller given by WFB := 〈ψ ′(t0)|(H ′

j (t0) −
H (t0))|ψ ′(t0)〉. The state evolves for time τ with this
new Hamiltonian to |ψ (t0 + τ )〉 = exp[−iH ′

j (t0)τ/h̄]|ψ ′(t0)〉.
The total-energy change within this cycle is �E :=
〈ψ (t0 + τ )|H ′

j (t0)|ψ (t0 + τ )〉 − 〈ψ (t0)|H (t0)|ψ (t0)〉, includ-
ing two contributions from the direct energy exchange by
applying the feedback and from the time evolution.

To be specific in our setup, we consider a simple but real-
istic case in which a single-shot measurement makes an error
only at nearest-neighbor sites [51]:

Mj :=

⎧⎪⎪⎨
⎪⎪⎩

√
1 − ε� j + √

ε� j+1, j = 0
√

1 − 2ε� j + √
ε(� j−1 + � j+1), 0 < j < N

√
1 − ε� j + √

ε� j−1, j = N.

(16)

This set of measurement operators means that if the measure-
ment outcome j is at neither of the two end sites n = 0 and
n = N , a 100ε% error is made at either of the nearest-neighbor
sites n = j − 1 and n = j + 1. For an outcome j = 0 or
j = N , a 100ε% error only occurs at one site (i.e., j = 1
or j = N − 1). To fulfill the completeness condition for the

measurement operators, the coefficient of �0 or �N is mod-
ified to

√
1 − ε. For ε = 0, we recover the precise position

measurement Mj = � j . For ε = 0.5, we make the largest
(50% at each neighbor site) error in evaluating the position of
the particle. We assume that the value of ε is known, which is a
common assumption in quantum control [76–78]. Because the
state-of-the-art experimental techniques can achieve a level of
imprecision as low as ε � (several) % when local control is
performed [51], we are mostly interested in a low error level
ε � 5% while still presenting numerical results over the whole
range of ε.

Suppose that the premeasurement state is a general pure
state given by |ψ〉 = ∑

n cn|n〉, with
∑

n |cn|2 = 1. The prob-
ability of obtaining a measurement outcome j is given by
P( j) = 〈ψ |M†

j Mj |ψ〉, and the postmeasurement state with a
measurement outcome 0 < j < N is given by

|ψ ′〉 = Mj |ψ〉√
P( j)

=
√

1 − 2ε√
P( j)

c j | j〉 +
√

ε√
P( j)

(c j−1| j − 1〉 + c j+1| j + 1〉),

(17)

which is still a pure state but in a superposition. Thus, with
measurement operators given in Eq. (16), the purity of the
state of the measured system is preserved along each trajec-
tory. In the numerical simulation, we choose the ground state
of the initial Hamiltonian H0 to be the initial state of the first
cycle.

With a measurement outcome j 	= 0, the postmeasure-
ment state always has a nonzero probability amplitude√

εc j−1/
√

P( j) at the left neighbor site j − 1 for a nonzero
ε. This means that if we apply a potential V at site j − 1, an
amount of work ε|c j−1|2V/P( j) must be applied to quench
the Hamiltonian to Hj = HWS + V (ε)| j − 1〉〈 j − 1| with a
finite V (ε). For the sake of clarity, we first consider a slightly
different FB to circumvent this extra work injection. If the
measurement outcome is j � 2, a sufficiently large potential
V � max {J,�} is suddenly applied at site j − 2, i.e., the
left next-nearest-neighbor site; if the measurement outcome
is j = 0 or 1, the left boundary is kept at −1 because we
simulate the dynamics with a finite chain from n = 0 to n =
N . We call this FB protocol the j − 2 FB. The absence of
work injections by FB makes the sole effects caused by the
presence of measurement imprecision clearer. On the other
hand, applying a potential wall at site j − 1 while obtaining
an outcome j will be referred to as the j − 1 FB. For both
FB protocols, we perform extensive numerical simulations
to show that our engine still gains work cumulatively and
transports the particle unidirectionally more slowly than the
precise-measurement case.

A. Performance for the j − 2 FB protocol

We study the influence of measurement errors on the per-
formance of our engine with the j − 2 FB protocol. Due to the
failure of single-cycle calculations, it is difficult to optimize
the performance to obtain functions such as p̃max(α, ε) and
τ ∗(α, ε) with respect to α and ε. To study the sole influence
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(d) (e)(c)

(a) (b)

FIG. 5. Influence of the error ε on the performance with α = 1 for the j − 2 FB-contolled engine. We take 9 values of ε from 0 to 0.5
with a logarithmic interval as shown in the legend. We plot the trajectory ensemble average (colored curve) of (a) the traveled distance and
(b) the accumulated energy gain for (a) M = 30 cycles and (b) M = 10 cycles where each engine cycle evolves for (a) τ = τ ∗

v = 2.65 and (b)
τ = τ ∗

E (α = 1) = 45.42 for different ε′s. The black dotted lines show the single-cycle optimized results. (c) Change δṽ in the average transport
velocity from the error-free velocity ṽmax(α = 1) = 0.49 as a function of ε. (d) Change in the average energy gain per cycle compared with the
error-free value Ẽmax(α = 1) = 1.52. (e) Change in the efficiency with τ ∗

η (α = 1) = 94.0 compared with the error-free value ηmax = 0.51.

of measurement imprecision, we realize many long trajecto-
ries and take ensemble averages of the total energy gain Ẽ ,
power p̃, and efficiency η while keeping α = 1 held fixed and
setting the evolution time for each cycle to be the optimal one
τ ∗

E/p/η(α = 1) that is obtained in precise measurement opti-
mization. The applied potential barrier is set to be Ṽ = 103.
The results are presented in Fig. 5.

In Fig. 5(a), we show the influence of ε on the distance
traveled by the particle. The operation time for each cycle
is chosen to be τ ∗

v = τ ∗
p (α = 1) = 2.65 obtained in a similar

single-cycle optimization of the j − 2 FB with the precise
measurement as done in Fig. 2 for the j − 1 FB with precise
measurements. The single-cycle optimized velocity for ε = 0
gives the black dotted line representing n(mτ ∗

v ) = ṽmax(α =
1)mτ ∗

v = 0.49mτ ∗
v . For each of nine values of ε varying from

ε = 0 to ε = 0.5 with a logarithmic interval, we run 100
realizations, each of which consists of M = 30 cycles. Each
colored curve represents the ensemble average of the distance
traveled for a given value of ε. We find that the presence of
ε decreases the transported distance after the same number of
cycles. The average velocity for each colored curve is the ratio
of the final traveled distance to the total time of a trajectory.
We plot in Fig. 5(c) the change δṽ in the average velocity
compared with the velocity ṽmax(α = 1) = 0.49 in the error-

free case. The velocity is less than the error-free velocity with
ε > 0 but remains positive and finite.

We notice a recovery behavior of the mean velocity as the
imprecision ε becomes large, as shown in Fig. 5(c). This can
be understood from the measurement operator (16). In the
maximally imprecise limit ε → 0.5, the coefficient

√
1 − 2ε

of � j vanishes, so the postmeasurement state conditioned on
outcome j has a negligible weight on | j〉 and is supported
mainly on | j ± 1〉. The hard wall placed at j − 2 makes j − 1
the boundary of the semi-infinite chain. A finite population is
prepared at site j − 1, which enhances the rectification of the
positional information and leads to the observed recovery at a
large ε.

We also show the total accumulated energy gain in
Fig. 5(b). We take the evolution time as τ ∗

E (α = 1) = 45.42
and M = 10 in each trajectory. The black dotted line is taken
from the single-cycle optimization with Ẽmax(α = 1) = 1.52.
We observe reduced but still positive accumulated energies
with a nonzero ε. In Fig. 5(d), we plot the reduction in the
average energy gain per cycle as a function of ε. It exhibits
behavior similar to the difference in the mean velocity.

We finally show the reduction in the efficiency in Fig. 5(e).
The efficiency in the error-free case is obtained by the
single-cycle optimization and given by ηmax(1) = 0.51. The
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(a) (b)

(c) (d) (e)

FIG. 6. Influence of ε on the performance with α = 1 for the j − 1 FB-controlled engine, similarly to Fig. 5 but with a difference in that
we use the optimal times, velocity, and energy gain obtained in the error-free j − 1 FB case. We use (a) M = 30 and (b) M = 50.

corresponding optimal time is τ ∗
η (α = 1) = 94.0. The behav-

ior of the efficiency is similar to that of the energy gain per
cycle.

These results suggest that with the measurement error,
the performance of our engine typically deteriorates. This is
reasonable because an erroneous measurement cannot extract
all pieces of information contained in the coherence or the
superposition of the quantum pure state. Despite the deteri-
oration in performance, our engine can still gain a positive
amount of energy in its potential energy and also transport the
particle uphill against the linear potential, even if we make
a large error in the measurements. Especially, if the error
level can be constrained within a realistic level of about 5%
[51,59], a reasonable performance can be ensured, implying
the robustness of our engine.

B. Performance for the j − 1 FB protocol

We first introduce the wall height Ṽ (ε) used in the j − 1
FB in the presence of measurement errors and define the
direct work injection ẼFB by applying FB in one cycle. Let
us consider the mth engine cycle. According to the discussion
about Eq. (17), an FB applied at site jm − 1 for outcome jm
requires direct work injection by the amount

ẼFB(m) = Ṽ (ε)ε
∣∣c jm−1

∣∣2

P( jm)
. (18)

On the other hand, the total energy gained by the particle in the
mth engine cycle is given by the change in its internal energy

during this cycle:

w̃m := 〈ψ (mτ )|H̃jm |ψ (mτ )〉
− 〈ψ ((m − 1)τ )|H̃jm−1 |ψ ((m − 1)τ )〉, (19)

where ψ (mτ ) := exp(−iH̃ jmτ )|ψm〉 is the time-evolved state
of the mth engine cycle. We note that the infinite-wall approx-
imation of the quenched Hamiltonian given by Eq. (3) is no
longer applicable. The total energy gain w̃m for each cycle
is a stochastic variable with an average of O(1) for precise
measurements with α = 1. Therefore, we choose

Ṽ (ε) := 0.1

ε
(20)

to yield a small work injection compared with the total-energy
gain which includes both the FB-injected work and the energy
extracted from quantum fluctuations. Summing w̃m for all cy-
cles m ∈ [0, M] and taking the average over many trajectories,
we have the average total accumulated energy W̃ consisting
of (1) the average FB-injected energy W̃FB := ∑

m ẼFB(m)/M
and (2) the energy W̃ext.meas := W̃ − W̃FB extracted from mea-
surements. The relative contribution of these two parts is
numerically investigated, and the results are presented in
Fig. 10 in Appendix B 2.

We investigate the influence of a finite error on the
performance of our engine. We perform similar numerical
simulations as done for the j − 2 FB. In Fig. 6, we present the
results of our numerical study on the traveled distance (veloc-
ity ṽ), the total accumulated energy W̃ , and the efficiency η
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for nine different values of ε ranging logarithmically from 0
to 0.5.

We plot the average traveled distance in Fig. 6(a). Each
colored solid line is plotted by taking the numerical average
over 100 trajectories for M = 30 engine cycles per trajectory
with a specific value of ε. All the calculations are performed
with τ ∗

v (1) = 1.52. The average velocity in the error-free case
is ṽmax(1) = 0.89, which gives the black dotted line. As the
error level increases, the mean velocity drops rapidly to a
positive but small value of about 0.1 if the error is larger
than 10%. We also calculate the average total accumulated
energy W̃ in Fig. 6(b) and the average total energy gain per
cycle Ẽ in Fig. 6(d), respectively. The evolution time per
cycle is τ ∗

E (α = 1) = 2.21 for M = 50 cycles. The energy
gain per cycle in the error-free case is Ẽmax(α = 1) = 1.68.
A behavior similar to the mean velocity in Figs. 6(a) and
6(c) is observed. The recovery behavior of the mean velocity
observed in the j − 2 FB protocol [Fig. 5(c)] is absent for
the j − 1 FB protocol, as shown in Fig. 6(c). The reason is
that we choose V (ε) = 0.1J/ε to suppress the injected work.
The barrier height becomes as low as V (0.5) = 0.2J , thus, it
cannot efficiently prevent backward motion, and no recovery
is observed.

Finally, we study the efficiency of our engine. We define
efficiency as the ratio of total work gain to the total energy
input. Here, the total-energy gain is W̃ for M cycles. The total-
energy input W̃total consists of three contributions. The first is
the energy W̃meas required to perform quantum measurements,
the second is the work W̃FB injected through application of
the FB protocol, and the third comes from the energy W̃eras

to erase the information stored in the measurement apparatus
after each cycle. Therefore, the total-energy input is given by

W̃total : = W̃meas + W̃FB + W̃eras

= W̃ext.meas + T̃
M∑

m=0

H (m) + W̃FB

= W̃ + T̃
M∑

m=0

H (m), (21)

where we have W̃meas + W̃eras = W̃ext.meas + T̃
∑M

m=0 H (m)
and H (m) := −∑

n P(n, mτ ) ln P(n, mτ ) is the Shannon en-
tropy of the measurement outcomes in the mth cycle [6,7,71].
We assume that the structure of our measurement apparatus is
simple enough to have the relation S[

∑
n P(n, mτ )ρn(mτ )] −

S(ρ0,can ) = H (m)∀ m, where ρn(mτ ) is the density operator of
the measurement apparatus at the end of the mth engine cycle
associated with an outcome n, and ρ0,can is a default canonical
state of the measurement apparatus to which the probe is reset
after every cycle. Therefore, the efficiency of our engine is
given by

η(ε) := lim
M→∞

W̃

W̃total
= lim

M→∞
W̃

W̃ + T̃
∑M

m=0 H (m)
, (22)

where a finite error ε affects the values of both the total-energy
gain W̃ and the Shannon entropy

∑M
m=0 H (m). We plot the dif-

ference in the efficiency defined as δη := ηmax(α=1) − η(ε)
as a function of ε in Fig. 6(e) with τ ∗

η (α = 1) = 5.94 for
M = 50 cycles and the efficiency ηmax(1) = 0.61 in the error-

free case. We again observe a behavior similar to the mean
velocity in Fig. 6(c) and the mean energy gain per cycle in
Fig. 6(d).

The numerical results imply some perspectives of our
engine with measurement imprecision. First, a finite measure-
ment imprecision ε is generally harmful to the performance
of our engine. Second, even with imprecision, our engine
still works to accumulate energy and transport a particle
while consuming direct work injected by applying FB. Third,
the performance drops quickly with increasing imprecision.
While the level of imprecision is less than 5%, one still
ensures a reasonable performance and the engine operates
with little direct energy injection. This can be understood
intuitively from the fact that the potential height of the
wall Ṽ (ε) = 0.1/ε with ε = 0.05 becomes comparable to the
potential-step height α = 1 in this case, indicating that the
particle very likely hops to the left for Ṽ (ε) − α ∼ α. This
also implies that the allowed error ε to maintain the perfor-
mance depends on the slope α.

VII. EXPERIMENTAL IMPLEMENTATION

In our engine, every step in the engine cycle can be imple-
mented with existing cold-atom experimental techniques. The
1D tilted periodic lattice with Hamiltonian HWS (1) has been
widely implemented and utilized in experiments of cold atoms
in optical lattices [57–61] and many other systems [79–84].
Isolated ultracold atomic systems offer an ideal platform to
study genuinely quantum information engines because the
effect of an environment can be almost neglected, and a high
precision measurement and control of the quantum system is
possible. We describe how to realize our engine by using an
ultracold atom in optical lattices.

In Ref. [59], ultracold atoms of bosonic 87Rb are loaded
into optical lattices to study quantum walk. In this optical
lattice, the Hamiltonian is given by the Bose-Hubbard Hamil-
tonian

HBH = −J
∑
〈i, j〉

a†
i a j + U

2

∑
i

ni(ni − 1) + �
∑

i

ini, (23)

where a†
i and ai are the bosonic creation and annihilation

operators, respectively, and ni := a†
i ai is the number operator

on site i, J is the hopping amplitude, U is the strength of
a repulsive on-site interaction, and � is the strength of an
external linear field. The values of J and U can be tuned
by controlling the depth of the optical lattice. The external
linear field is implemented with a magnetic-field gradient. The
optical lattice used in Ref. [59] is two-dimensional, while each
horizontal tube in the x axis is decoupled from the others. With
this two-dimensional (2D) lattice consisting of decoupled 1D
tubes, a large number of simultaneous realizations is possible.

Initially, in every horizontal tube, a single atom is prepared
in a state localized at site 0 by the single-site addressing
technique [58,85–90] with high fidelity. The dynamics of the
positions of the atoms is recorded with single-site resolution
using fluorescence imaging in a deep optical lattice with the
technique of quantum-gas microscopy [91–100]. For each in-
dividual realization, the particle is detected on a single lattice
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site with high precision. Taking the average over many real-
izations gives the probability distribution of a single particle.

A concrete example of measurement imprecision made
at nearest-neighbor sites can also be found in Ref. [59].
Quantitatively, the state-of-the-art experimental techniques
can achieve the fidelity which is well above 99% to distin-
guish between zero and one atom on a site in quantum gas
microscopy [51], corresponding to the error level of about
ε � 0.005 in our analyses. However, if one wants to perform
FB, one might have to reduce the number of photons for imag-
ing to mitigate photon recoil [51]. In that case, the precision
will be reduced, and the analyses about imprecision become
even more relevant.

Here the FB operation is to place a large potential at one
site according to the observed position of the particle. This
can be completed again with the help of single-site addressing
[58,85–90]. What one should be careful of is the time interval
to apply FB. In the experimental setup used in Ref. [59], the
hopping amplitude J has an order of 100 Hz h̄. The strength
� = αJ of the linear field is tunable. The timescale for ap-
plying FB should be much smaller than that of the dynamics
under the Hamiltonian (23). Therefore, if J is of the order
of 100 Hz h̄, it is ideal to have τFB � min{h̄/J, h̄/�} =
min{0.01, 0.01/α} seconds. We notice that the optimal time
for attaining the best performance of our engine is basically
of the order of 0.01/α seconds. This requirement is not so
stringent because it is possible to change the depth of the op-
tical lattice to suppress the hopping (that is, to lower J) during
placing the feedback potential. Therefore, the timescale has
an order of milliseconds. While α is close to or much smaller
than 1, the requirement on the timescale of FB is less stringent,
and it is given by τFB � 10 ms; if α is much larger than 1, the
requirement can be ensured by either performing a faster FB
or by changing the depth of the lattice to lower J , both of
which are possible with current techniques.

VIII. DISCUSSION AND OUTLOOK

We have constructed a GQIE that rectifies only quantum
fluctuations. It has well-defined performances and exhibits
many interesting features, including a trade-off between the
maximal power and the maximal velocity, a unit optimal effi-
ciency, and an absence of a trade-off of power, power variance,
and efficiency, which is present for the C(I)HE. The influence
of measurement imprecision is also examined. Possible imple-
mentation with existing cold-atom experimental techniques
and the requirements for the timescale of applying FB are
discussed.

An important question is that, although the minimal energy
cost Ecost = E + kBT H is correct, it can only be achieved
approximately unless an infinite amount of resources or com-
plexity is available. Different types of nontrivial additional
costs are required to be more realistic [101–108]. It is of
practical significance to calculate the efficiency by explicitly
considering those thermodynamic costs.
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APPENDIX A: DETAILS FOR PRECISE MEASUREMENTS

1. Justification of the effectively truncated semi-infinite chain
with a large potential

In Step 2 of the main text, we implement the feedback
control by applying a large on-site potential V to site j − 1
given a measurement outcome of j. For V � �, J , the effec-
tive Hamiltonian is a semi-infinite tilted chain given by Eq. (3)
with a hard wall imposed at site j − 1. This approximation is
valid as long as leakage due to quantum tunneling of the wave
function to the blocked half-space n � j − 2 is negligible
during the unitary evolution in Step 3. We here justify this
assumption by analyzing the scaling of the leakage probability
with respect to Ṽ = V/J . Qualitatively, because the on-site
potential is a lattice version of a delta-function potential in
the conventional quantum tunneling problem, the probability
of leakage decreases with an approximately inverse-square
scaling with increasing Ṽ . Below, we provide a quantitative
analysis.

We assume that a large potential Ṽ is applied at site
n = 0 and that the initial state is localized at site n = 1,
i.e., |ψ (0)〉 = |1〉. The probability of the leakage to the sites
n � −1 at time τ is

Pleak (τ ) :=
∑

n�−1

|〈n|e−iH̃1τ |1〉|2. (A1)

While a direct analysis of Pleak (τ ) is unfeasible, we can
simplify the problem by focusing on the local three-site sub-
space spanned by {|1〉, |0〉, |−1〉}. Within this subspace, the
on-site energies are

E1 = α, E0 = Ṽ , E−1 = −α, (A2)

and the nonzero hopping matrix elements connecting these
sites are

〈1|H̃1|0〉 = 〈0|H̃1|1〉 = −1,

〈−1|H̃1|0〉 = 〈0|H̃1|−1〉 = −1. (A3)

There is no direct hopping between |1〉 and |−1〉; hence, any
effective coupling between these two sites is mediated by |0〉.

We define projectors P := |1〉〈1| + |−1〉〈−1| and Q :=
|0〉〈0|. The Hamiltonian in this local three-site sector can be
written as a block matrix with respect to P ⊕ Q:

H̃1 =
(

PH̃1P PH̃1Q

QH̃1P QH̃1Q

)
:=

(
HPP HPQ

HQP HQQ

)
, (A4)
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FIG. 7. Log-log plot of the maximal leakage probability Pmax
leak :=

maxτ Pleak (τ ) for τ ∈ (0, 50] as a function of the barrier height Ṽ
for different values of α. The dashed line shows the scaling relation
Pleak ∼ Ṽ −2.

with

HPP =
(

α 0
0 −α

)
, HPQ =

(−1
−1

)
,

HQP = (−1 − 1), HQQ = (Ṽ ). (A5)

The standard second-order Schrieffer-Wolff transformation
[109] to eliminate the high-energy barrier site |0〉 perturba-
tively in 1/Ṽ yields an effective coupling between |1〉 and
|−1〉 as

Ji j = (HPP )i j + 1

2
(H̃1)i0(H̃1)0 j

(
1

Ei − E0
+ 1

Ej − E0

)
,

(A6)

where i, j ∈ {+1,−1} and Ei are the on-site energies given in
Eq. (A2). Using Eqs. (A2) and (A3), we obtain

J1,−1 = 1

2

(
1

α − Ṽ
+ 1

−α − Ṽ

)
= − Ṽ

Ṽ 2 − α2
. (A7)

The leakage probability is then approximately proportional to
|J1,−1|2, yielding

Pleak (τ ) ∼ Ṽ 2

(Ṽ 2 − α2)2
⇒ Pleak (τ ) ∼ 1

Ṽ 2
as Ṽ → ∞. (A8)

This scaling relation is numerically verified by calculating
the exact leakage probability defined in Eq. (A1). In Fig. 7,
we plot Pmax

leak := maxτ Pleak (τ ) for τ ∈ (0, τmax] as a function
of Ṽ for α ∈ {0, 1, 10, 100} with τmax = 50 and N = 103 �
2τmax to avoid boundary reflection. The numerical results
agree well with the inverse-square scaling relation (A8) for
Ṽ � max{1, α} for all values of α.

We also mention that this approximation is no longer valid
when Ṽ ≈ α in the resonance regime. In this case, the leak-
age probability is no longer suppressed, and the effective
semi-infinite chain description breaks down. This behavior is
clearly observed in the red curve in Fig. 7 at Ṽ = 102 and
discussed in the last part of Sec. VI B for the j − 1 FB case.

FIG. 8. (a) Maximum efficiency for α ∈ [0.1, 10]. We observe
an increase as a bump with some irregular fluctuations. (b) Shannon
entropy for the evolution time of τ ∗

η (α) showing an inverted irregular
bump. (c) Dynamics of the Shannon entropy for α = 0.3 showing
rapid and irregular fluctuations. (d) Highly fluctuating dynamics of
the efficiency for α = 0.3.

2. An interpretation of the bump in the maximum efficiency

We give a qualitative explanation for the appearance of
the bumps in the maximum efficiency and the corresponding
optimal time shown in Figs. 3(b) and 3(c) in the main text.
To see the bump clearly, we enlarge an intermediate regime
with α ∈ [0.1, 10] for T̃ = 1. The maximum efficiency shown
in Fig. 8(a) increases around α = O(1) with some irregular
oscillations. In Fig. 8(b), we plot the Shannon entropy H at
τ = τ ∗

η as a function of α. A similar but inverted bump is
seen in the same region, indicating that the wave function
has a shrunk profile in this regime. According to the prop-
erty of Bloch oscillations that an initially localized particle is
constrained within a limited region, we consider the bump to
be caused by a remnant of Bloch oscillations induced by a
significant interference of waves due to J and �.

The oscillations on the bump can be attributed to the in-
terference between Bloch oscillations and a wave reflected
by the left rigid wall. What oscillates even more irregularly
is the Shannon entropy H . We examine the dynamics of the
Shannon entropy for α = 0.3 in this region. In Fig. 8(c), we
observe more irregular oscillations of H . To attain the maxi-
mum efficiency, we expect to have a small Shannon entropy.
However, due to rapid fluctuations in the Shannon entropy,
many local minima have similar values with very different
evolution times. On the other hand, such fluctuations also
greatly influence the numerical calculations because a slight
deviation in the numerically found optimal time may result
in a large deviation in the value of the Shannon entropy and
energy gain, and consequently in the efficiency, as shown
in Fig. 8(d). This provides an interpretation of the irregular
oscillations in the bumps. The underlying physics is under-
stood as follows: In the small-α regime, the hopping by J
dominates the gradient �. The wave packet travels in the
right direction after a transient stage in which interference
between the reflected wave by the left boundary occurs. The
shape of the wave packet is maintained for a long time. In
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FIG. 9. Numerical evidence of the disappearance of a steady
state for the j − 2 FB with a finite error ε by showing the maxi-
mum population maxn Q(n, mτ ) := maxn |〈n|ψ (mτ )〉|2 of the wave
function of the time-evolved state |ψ (mτ )〉 at each engine cycle
labeled by an integer 0 � m � M = 100 with α = 1. The red curve
shows the error-free case with a constant value of maxn Q(n, mτ ),
indicating a steady state. The green and orange curves plot the cases
with ε = 0.01 and ε = 0.25, respectively, with the nonconverging
maxn Q(n, mτ ), meaning a nonsteady state.

the large-α regime, hopping becomes weak, and the dynamics
is effectively described by rapid Rabi oscillations. For both
cases, the dynamics of the wave packet is relatively regular.
However, in the intermediate regime, the wave reflected by
the boundary has a complicated interference with significant
Bloch oscillations due to J and �, resulting in a highly fluctu-
ating region.

APPENDIX B: DETAILS FOR IMPRECISE
MEASUREMENTS

1. Breakdown of single-cycle calculations with ε > 0

In the precise-measurement case, we optimize the perfor-
mance within each FB cycle. However, numerical evidence
shows that ε > 0 makes single-cycle calculations insufficient.

In Fig. 9, we plot for the j − 2 FB the maximal population
defined as maxn Q(n, mτ ) := maxn |〈n|ψ (mτ )〉|2 of the time-
evolved state |ψ (mτ )〉 at each engine cycle, labeled by an
integer 0 � m � M = 100. The time-evolved state at the mth
cycle is given by

|ψ (mτ )〉 := exp(−iH̃ jmτ )
Mjm |ψ ((m − 1)τ 〉√

P( jm)
, (B1)

where |ψ (0)〉 := |g〉 is the ground state of the initial Hamil-
tonian H0, jm is the measurement outcome obtained in the
mth cycle, and P( jm) is the probability of this measurement
outcome.

In the numerical simulations, we choose α = 1 and τ =
τ ∗

p (α = 1) ≈ 2.65 for different values of the measurement er-
ror ε. The red curve in Fig. 9 plots maxn Q(n, mτ ) versus m for
ε = 0. Except for m = 1, maxn Q(n, mτ ) quickly stabilizes
to a constant value. This is because a precise measurement
exactly prepares the same pre-evolving state for every engine
cycle up to a shift in the site index. A stabilized maximum
population is a necessary condition for the existence of a
steady state up to a shift, thereby allowing a single-cycle
calculation. However, with measurement errors, the postmea-
surement state generally depends on the state in the previous
cycle because some quantum coherence persists. We introduce
a small error ε = 0.01 in the green curve and a larger error
ε = 0.25 in the orange curve. We see that the maximum
population no longer stabilizes even for a small error. This
means that an imprecise measurement no longer prepares the
same pre-evolving state for each cycle, and a well-defined
steady state does not exist. This fact hinders single-cycle
analyses as done for precise measurements. It is necessary to
run long trajectories and take the ensemble average over many
trajectories. The breakdown of single-cycle calculations due
to imprecise measurements also occurs for the j − 1 FB for a
similar reason.

2. Relative contribution of work involved in the j − 1 FB

To show the relative contribution of W̃FB and W̃ext.meas, we
numerically calculate W̃ , W̃FB, and W̃ext.meas for a small error

FIG. 10. Total cumulative energy gain with a finite error ε for the j − 1 FB-controlled engine with α = 1. The evolution time for each cycle
is the error-free optimal time τ = τ ∗

E (α = 1) = 2.21. Each thin colored curve in panels (a) and (b) shows a trajectory of the total accumulated
energy gain

∑M
m=0 w̃m over M = 100 engine cycles with (a) ε = 0.01 and (b) ε = 0.5. The thick blue curves are the average total cumulative

energy gain W̃ averaged over all trajectories. We use black dotted lines to represent the error-free results corresponding to Ẽmax(1) = 1.68.
The average direct work injection W̃FB performed by applying the FB is shown by the thick green curve. The thick red curve plots the average
extracted work from quantum fluctuations through quantum measurements, given by W̃ext.meas = W̃ − W̃FB. (c) Average total-energy gain per
cycle Ẽ shown in blue and FB-injected work ẼFB shown in orange as a function of ε.
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ε = 0.01 in Fig. 10(a) and a large error ε = 0.5 in Fig. 10(b).
Each thin colored curve represents a trajectory involving M =
100 cycles. Here, the evolution time for each cycle is cho-
sen to be τ ∗

E (α = 1) = 2.21, which maximizes the average
energy gain per cycle, Ẽmax(1) = 1.68, in the error-free case
depicted by the black dotted line. Taking the trajectory ensem-
ble average yields W̃ as shown by the thick blue curve. The
average FB-injected energy W̃FB is plotted by the thick green
line.

For ε = 0.01, the height of the wall Ṽ = 10 is not so small
compared with the step height of α = 1. This ensures a not-
so-large probability of tunneling to the left of the wall, as can
be seen in the trajectories in Fig. 10(a). The total-energy gain
W̃ includes a small contribution W̃FB due to applying the FB

and W̃ext.meas as the main contribution. However, for ε = 0.5
as plotted in Fig. 10(b), the fraction of the contribution due
to applying FB is large. The height of the wall Ṽ = 0.5 is
smaller than the step height of α = 1. Therefore, the accu-
mulated energy gain decreases significantly due to substantial
tunneling through the wall potential to the left as observed
in the trajectories in Fig. 10(b). Nevertheless, on average, our
engine still gains energy with a low but nonzero power. In
Fig. 10(c), we plot the numerical average of the total-energy
gain per cycle Ẽ := W̃ /M shown in blue and the FB-injected
work per cycle ẼFB := W̃FB/M shown in orange. It is clear
that, as long as ε is within 5%, the extracted energy from
quantum fluctuations by Maxwell’s demon is still a major
contribution to the total-energy gain.
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