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Abstract

We derive a finite-frequency fluctuation-response inequality for Markovian open quantum sys-
tems in an input—output setting. For any downstream measurement of the emitted field, the mea-
sured lock-in response-to-noise matrix is bounded by the output-field quantum Fisher infor-
mation rate. For dissipative amplitude modulation with vacuum inputs, this information rate is
further bounded by a frequency-independent signal-channel activity, which reduces for kinetic
modulation to the stationary channel fluxes. For a faithful stationary state, complete access to the
Markov output, and horizontal dissipative tangents, we also evaluate the intermediate output-field
quantum Fisher information rate explicitly and show that it equals the activity matrix. The result
is detector-facing but unraveling-independent: it applies after choosing a measurement record,
while the information ceiling is set by the quantum field before any detection scheme or trajectory
representation is selected. We formulate the bound for multiple signal channels and real finite-
frequency quadratures, and illustrate it with a single-sided cavity, resonance fluorescence, and a
two-port truncated Kerr-parametric cat resonator exhibiting appreciable channel mixing and off-
diagonal matrix effects.

1. Introduction

Weak periodic signals are commonly detected through the fields emitted by an open quantum device.
This is the case in quantum optics, circuit QED, optomechanics, resonance fluorescence, and mesoscopic
transport, where the experimentally recorded object is typically an output current: a homodyne or het-
erodyne photocurrent, a photon-counting trace, or a filtered electrical current [1-3]. At a fixed analysis
frequency, the central quantities are therefore not equal-time variances but spectra and lock-in response
coefficients [4]. A natural question is then how large a coherent response at frequency w can be, rela-
tive to the spontaneous fluctuations seen in the same detector record and relative to the physical activity
through which the signal is injected.

At thermal equilibrium, the fluctuation—dissipation theorem answers this type of question by relating
linear response to equilibrium fluctuations [5-7]. Away from equilibrium, the equality is generally lost,
but response and fluctuations remain constrained by information-theoretic principles [8—10]. Classical
fluctuation-response inequalities express this idea through the Cramér—Rao bound or relative-entropy
bounds on stochastic path measures: a large response requires either large fluctuations in the measured
observable or large distinguishability between the unperturbed and perturbed dynamics [11-18]. Finite-
frequency versions of this principle have recently been developed for classical Markovian dynamics,
including jump processes and Langevin systems [19, 20]. Related spectral bounds constrain deviations
from equilibrium-style fluctuation—dissipation predictions in nonequilibrium Markov processes [21-24].
These results provide a well-defined classical framework for response precision at finite frequency.
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Open quantum systems add a further layer that is essential for detector-facing bounds. Before any
classical trajectory record is obtained, the system has emitted a quantum output field. Different detection
schemes correspond to different positive-operator-valued measurements on this field. Photon counting,
homodyne detection, heterodyne detection, and more general filtered measurements are therefore not
merely different coarse grainings of a single classical trajectory; they are different downstream measure-
ments of the same emitted quantum field [25-27]. A bound applied after choosing a particular quantum
trajectory is operational for that detector, but it is not independent of the unraveling [28]. Conversely,

a bound written only in terms of internal noncommutative correlation functions need not correspond
directly to the spectra and response coefficients displayed by a laboratory receiver.

This paper formulates a finite-frequency fluctuation-response bound at the quantum input-output
level. The emitted field is treated as the measurement-independent carrier of information, while the
observed detector current is a classical record obtained from that field by a chosen measurement and
subsequent filtering. The result is therefore detector-facing but unraveling-independent: its left-hand side
contains only measurable output-current spectra and lock-in responses, while the upper limit is imposed
before selecting photon counting, homodyne detection, heterodyne detection, or any other downstream
measurement.

The central statement, which does not require a matrix-valued long-time limit of the output-field
quantum Fisher information, is the directional inequality

ITRT (w) [8°" (w)] T R (w) 0<T o (w;0) 0T (Agig @ 1) 9 (1)

for every real signal direction . Here S°"(w) is the covariance matrix of the measured real lock-

in current modes, R(w) is the corresponding finite-frequency response matrix, and M+ denotes the

Moore—Penrose inverse of a matrix M. The intermediate directional quantity ?gm(w;ﬁ) is the upper

long-time quantum Fisher information rate carried by the emitted output field along ¥J. The matrix
Asig is the signal-channel activity associated with calibrated dissipative amplitude modulation of the
Markovian coupling operators, and the factor I, acts on the cosine and sine components of the sinu-
soidal perturbation.

If, in addition, the ordinary matrix limit
lim T7'F&T (w) (2)

T—o0

F ogt (w)
exists, then equation (1) is represented by the Loewner matrix chain
RY (@) [8° ()] R(w) 2 F (@) S Ay O L. 3)

Thus the unconditional result is equation (1); the matrix form (3) is used only when the limit (2) exists.
These inequalities state that no output detector can display a response-to-noise larger than the informa-
tion available in the emitted field, and that this field information is itself limited by the activity of the
channels through which the signal enters.

The formulation is intended to match how finite-frequency sensing is performed in quantum tech-
nologies. The response matrix and the noise spectrum can be extracted from the same detector record
using the same lock-in convention. The activity matrix is fixed independently by the calibrated signal-
bearing coupling channels. Thus equation (1) gives a consistency relation between measured spectral
signal-to-noise and the physical resources used to encode the signal. It applies to arbitrary downstream
measurements of the output field and to any fixed-frequency linear lock-in filter, provided the open-
system dynamics is Markovian, the perturbation is weak and sinusoidal, and the relevant signal channels
are properly accounted for.

The result also clarifies the relation to response kinetic uncertainty relations. Response KURs and
their quantum open-system extensions bound response precision by a Fisher-information/activity
mechanism [29, 30]. The present work places that mechanism at the level of the emitted field rather
than at the level of a chosen measurement record. This change is crucial in quantum input—output set-
tings, because different detectors access incompatible aspects of the same output field. The bound there-
fore gives a common information ceiling for homodyne, heterodyne, photon-counting, and more general
detection architectures.

Beyond the general inequality, the paper develops a multiparameter matrix formulation for several
modulated signal channels and for the two real quadratures of a periodic drive. It gives explicit detector-
level response-to-noise bounds for output currents, connects the activity term to the calibrated dissipa-
tive coupling tangents, and evaluates the intermediate full-output QFI for horizontal kinetic tangents.
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The examples include a Gaussian coherent-input benchmark based on a single-sided cavity, a finite-
dimensional resonance-fluorescence example comparing detector Fisher information directly with the
output-field QFI, and a two-port truncated Kerr-parametric resonator displaying substantial responses in
both signal channels and nontrivial off-diagonal matrix blocks.

The paper is organized as follows. Section 2 introduces the Markovian input—output model and
states the main finite-frequency bounds. Section 3 discusses their operational interpretation. Section 4
presents the three examples. Section 5 relates the result to classical finite-frequency fluctuation-response
inequalities, spectral fluctuation—dissipation-response bounds, response KURs, quantum Cramér—Rao
theory, input—output theory, and quantum trajectories. Section 6 summarizes the limitations and possi-
ble extensions. The detailed derivation is given in the appendix.

2. Main results

We consider a finite-dimensional quantum system coupled to Markovian bosonic input fields through
channels indexed by = 1,...,n. Writing

Dt]p=Lot! 5 {L'Lp}, @)

the unperturbed reduced state obeys the Gorini—Kossakowski—Sudarshan-Lindblad equation [31, 32]
Ne
pzﬁpz—i[H,p]—i—ZD[LM]p. (5)
p=1

We assume throughout the main theorems that the finite-dimensional Markov semigroup is exponen-
tially mixing. More precisely, let

To={X:TrX=0}
be the traceless subspace, and assume that there is a constant ~y,x > 0 such that
spec(L|,) C {z€ C:Rez< — Ymix} - (6)

This assumption implies uniqueness of the stationary state ps and exponential convergence to it. It is
slightly stronger than mere uniqueness of a stationary state, but it is the natural condition under which
the stationary output spectra, finite-time lock-in limits, and Liouvillian resolvents used below are unam-
biguous. In particular, for every real w the operator —iw — £ is invertible on T. All unperturbed spectra
and responses are evaluated in the stationary state ps. With L, (¢) denoting the Heisenberg-picture cou-
pling operator, the input and output fields satisfy [33, 34]

bﬂyout (t) = bu,in (t) +L, (t) (7)

Unless stated otherwise, the incoming fields are in vacuum.
A downstream detector performs a measurement on the output field and returns real currents

1(0) = (L (1),....L. (1) (8)

This notation includes homodyne, heterodyne, counting, inefficient, and adaptive measurements. The
resulting classical process need not be Markovian.

The signal is a weak time-dependent modulation of the coupling amplitudes. For n, signal parame-
ters, write €(t) = (€1(t),...,€,,(t)) and

L (1) = Lu+ Y & () Mg+ O ([lel?), 9)
q=1

where M, is the tangent of channel p with respect to parameter g. The activity theorem below is stated
for purely dissipative amplitude tangents. In the fixed input—output representation used here, this means
that the first-order tangent does not contain an additional Hamiltonian-like Stinespring component:

> (LM~ ML) =0,  q=1,..n, (10)
7
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If this condition is not imposed, a coherent channel tangent appears in the sequential channel Fisher
information. Such a term is not bounded by the jump activity alone and should be treated as a
Hamiltonian signal contribution.

The kinetic modulation used in several examples is

L(‘) = exp Zbuqeq Ly, (11)

with real calibration coefficients b,,4. In this case M,y = b,4L, /2, and the purely dissipative condi-
tion (11) is automatically satisfied.
At a fixed nonzero frequency w, we use real unit-RMS envelopes

. (t) = V2 coswit, b5 (1) = V2sinwt, (12)
for which T~! fOT ba(t)Ps(t)dt = dop5 with «, B € {c,s}. The local finite-frequency signal is
€q (t) = 77q,c¢c (t) + 77q,s¢s (t) y (13)

and the real parameter vector is ordered as

T
n= (771,6)771,57"'777ﬂp,6a77np,5) . (14)

For a one-dimensional signal direction we write n = €1, where ¥ is a fixed real vector in this same space.
For each measured current component, define the finite-time positive-frequency mode

Tor(w) = \iﬁ /0 dte [I, () — (I)ss) (15)

The real lock-in vector is

. - - L N\T
Xr(w) = (\/EReILT,\/EImILT,...,ﬂRe1m7T,\/§ImIm7T) , (16)
with all Fourier modes evaluated at the same w. Its stationary noise matrix is
S (w) = lim Cov Xr(w). (17)
T—o00

The finite-frequency response matrix R(w) is defined by
5(%r () = VTR (@)n-+0 (V]| ). (18)

All matrix inequalities below use this real lock-in normalization. Other Fourier-amplitude conventions
require the corresponding rescaling of both response and Fisher-information rates.
The measured response-to-noise matrix is

Iimeas (w) = RT () [S° ()] " R(w), (19)

where the Moore-Penrose inverse acts on the support of S°%. For a direction ¥J, the scalar 97 J eqs(w)?
is the largest response-to-noise ratio per unit time obtainable from a real linear combination of the mea-
sured lock-in components.

Let 0l ,(w) be the output-field state over [0, T] generated by the local model (14). Its symmetric-
logarithmic-derivative quantum Fisher information matrix with respect to n at 7 =0 is denoted by

QT

Fout ( ) [35_37]

We define the frequency-resolved output-field QFI rate directionally. For every real direction 9 €
R, set

Q

— 1
F out (w39) = limsup 0" Foii" (w) 0. (20)

T—o0

This definition avoids taking a matrix limsup, which is not a canonical operation in the Loewner order.
Whenever the ordinary matrix limit exists, for example in operator norm,

F2(w) = lim ~F& (w). (1)

T o0 T out

4
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then

F (wi9) = 9T FQ (w) 0.

out

Thus all statements below are first formulated as directional quadratic inequalities; the correspond-
ing matrix inequalities follow whenever the matrix QFI-rate limit exists. The derivation is given in
appendix A.

Theorem 1 (Output-field data-processing bound) Under the mixing assumption (7), for any downstream
measurement of the output field producing currents I(t), and for any weak sinusoidal signal at a fixed nonzero
frequency w, the measured response-to-noise matrix satisfies

ITR" (w) [S° ()] T R (w) O<TF o (wi ) (22)

for every real signal direction ) € R*™. If the matrix limit (22) exists, this is equivalently the Loewner inequality

R (w) [8*" ()] "R (w) = F& (w). (23)

Theorem 1 is independent of the chosen detector. Photon counting, homodyne detection, heterodyne
detection, inefficient detection, and adaptive detection merely correspond to different classical channels
or POVMs applied to the same output field, and none can increase the quantum Fisher information of
that field.

For the dissipative tangent (10), define the signal-activity matrix

(Asg),, = 4Re Y Tr[M], Mypy] - (24)
o

For the kinetic modulation (12), this reduces to

(-Asig)qr = Z byugbyr Tr [LLL,U'pSS:I : (25)

14

The diagonal element Tr(LLL“ Pss) 1s the stationary photon flux, jump rate, or tunneling rate in channel
I

Theorem 2 (Input—output activity bound) For the purely dissipative amplitude modulation (10)

satisfying (11), with vacuum Markov inputs and stationary state pss, the output-field quantum Fisher
information rate satisfies, for every fixed nonzero frequency w and every real signal direction 9,

—=Q

Fout (@;09) <0 (A @ 1) 0. (26)

If the matrix limit (22) exists, then
Fott (@) 2 Agg® T, (27)

For the kinetic modulation (12), the right-hand side is the channel activity matrix (27).

The physical intuition behind Theorem 2 is particularly simple for kinetic modulation. In this case
the signal changes the rate of a dissipative channel, so information about the signal can be written into
the output only through the activity of that channel. If the channel is rarely active, a small change of its
coupling has correspondingly few opportunities to leave a distinguishable imprint on the emitted field,
and the output cannot accumulate a large amount of Fisher information per unit time. The stationary
channel activity therefore sets the natural information-injection rate available to such a dissipative signal.
A large activity provides a larger information budget, although the output QFI need not attain it.

Corollary 1 (Exact full-output QFI rate) Assume in addition that the stationary state is faithful and that the
complete collection of Markov output channels is retained in the output state. For a purely dissipative tangent
satisfying equation (11), the ordinary output-QFI rate matrix exists and is

‘Fo%t (w) = Asig ® H27 w ;é 0. (28)
In particular, the upper inequality in equation (33) is saturated for the full output under kinetic modulation.

5
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A downstream detector may still lose information, so its measured matrix can be strictly smaller. The
output-QFI evaluation and its frequency-mode normalization are derived in appendix A.4. Combining
theorems 1 and 2 gives the finite-frequency input—output fluctuation-response inequality in directional
form:

9TRT (w) [S™ (w)] T R (w) 9<TF oy (w;9) <0 (Agg @1 0. (29)
Since this holds for every ¥, it also implies the detector-facing matrix inequality
RT (w) [S° (w)] "R (w) = Ayg @ I (30)
When the output-field QFI-rate matrix exists, the sharper chain
RT () [8™ ()] "R (@) 2 Fdi (w) < Aqg ® T (31)

is recovered.
In the usual scalar complex notation for one measured current and one signal direction, the same

statement is written as
|chlx (UJ> | —=Q,scalar

2
<F

Sout (W) out (UJ) <~’élsig (32)

. —£Q,scals
where R, packages the two real lock-in response components and F (()Qu:ca dr

directional QFI-rate upper limit in the real two-quadrature convention.
There is a closely related coherent-input version. Suppose the signal is a weak coherent displacement
of an incoming vacuum field,

(w) is the corresponding

bpin (1) = byin (1) +€f (1), (33)

rather than a modulation of L,,. The input coherent state already carries a quantum Fisher informa-
tion rate equal to 4 for the real displacement amplitude in the normalization used here (details given
in appendix B). The joint input-system-output evolution is unitary, and tracing out unobserved degrees
of freedom cannot increase quantum Fisher information. Hence

R" (w) [$*" ()] " R(w) <41, (34)
or in scalar form
|RcPlx (w) |2
ot () @ <4. (35)

This version is useful when the experimentally applied signal is an incoming microwave or optical
tone rather than a modulated decay rate.

3. Remarks on the main results

The conditional matrix chain (33), and its unconditional directional form (31), are not operator
fluctuation—dissipation theorems. It does not assert that a retarded commutator is bounded by a sym-
metrized internal spectrum of the same operator. Instead, it refers to detector records. The matrix
S°"(w) is the covariance matrix of the real lock-in components of currents actually measured outside
the system. The response matrix R(w) is obtained by applying a weak sinusoidal signal and measuring
the coherent lock-in output at the same frequency. Both quantities can be obtained without reconstruct-
ing the system density matrix.

The inequality is not tied to one unraveling. Photon counting, homodyne detection, heterodyne
detection, and adaptive measurements are different measurements on the same output field. The first
inequality in equation (33) says that every such measurement produces a classical Fisher information no
larger than the quantum Fisher information of the output field. A fixed quantum-jump trajectory gives a
valid classical record, but it is only one possible readout.

The third point concerns the role of noncommutativity. Noncommuting system operators enter
through the Lindblad evolution and through the input—output relation. In a driven qubit, for example,
a homodyne current measures a field quadrature proportional to a dipole quadrature of the atom. Its

6
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spectrum contains Rabi oscillations and phase-sensitive correlations. These effects are absent in a classical
jump process with the same average jump rate. The bound is therefore not purely classical, even though
the final measured current is a classical time series.

The input—output formulation is essential for experimental interpretation. Internal system observ-
ables are not always directly measured. Detectors see fields leaving the system, and the detected current
contains both system radiation and input noise. The relation by = bin + L provides the link between
Lindblad dynamics and observed spectra [1, 33, 34]. This is why equation (33) is formulated in terms
of R(w) and S°"(w), rather than in terms of abstract internal correlation functions. It is also why
homodyne or heterodyne spectra can display coherent quantum features, such as those in resonance
fluorescence [38], while still being constrained by a channel activity. The distinctive feature of the
present inequality is therefore not frequency dependence alone, but the placement of an output-field QFI
between experimentally measured spectra and a calibrated signal activity. The right-hand side is deliber-
ately chosen to be experimentally calibratable. For kinetic coupling modulation, A is built from steady
channel fluxes. In a fluorescence experiment this is the photon emission rate. In a transport experiment
this is a tunneling rate. In a lossy cavity this is the photon loss flux through a specified port. This is less
abstract than a Kubo—Mori or symmetric-logarithmic-derivative correlation spectrum of an internal sys-
tem operator.

4. Examples

4.1. Single-sided cavity

As a preliminary Gaussian benchmark, we consider a passive single-sided cavity. Since its Hilbert
space is infinite-dimensional, this example is used only for the coherent-input bound (36), not for the
finite-dimensional activity theorem. Consider a passive single-port cavity with annihilation operator a,
Hamiltonian

H=Ad'a, (36)
and input—output coupling
L=+/ka. (37)
The Langevin equation is
a(t) = (5 +18)a(t) - Vb (1), (38)
and, with the convention of equation (8),
bout (t) = bin (t) + Vka(t). (39)
Equation (40) is the standard single-port Markovian input—output Langevin equation [33], obtained by

applying the Heisenberg equation with coupling operator L = y/ka. Solving it in the frequency domain
gives

°(@) = VX @), )= sy (10)
Therefore
bout (W) = s(w) bin (w) , s(w)=1—kx.(w). (41)
For a lossless single-sided cavity,
e I )
For an ideal homodyne measurement of the output quadrature,
Io (1) = ¢ bouc (1) + €l (1), (43)

7
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the unperturbed input is vacuum. Since the single-port scattering relation is passive and lossless,
|s(w)| = 1, the output quadrature is again a vacuum quadrature. In the real lock-in normalization of
equation (18), its shot-noise spectrum is therefore

M (w) = 1. (44)
Now consider a weak coherent displacement of the incoming vacuum field,
bin (l’) — bin (l’) + Ef(l’) . (45)

In the scalar coherent-input notation of equation (37), Rl is the coefficient of the linear change in the
phase-matched homodyne mean. The displacement is scattered as

5 (bout (w)) = s (w) ef (w). (46)
Hence
3{Ig ()) = 2¢f(w) Re[e’s(w)] - (47)
Optimizing over the homodyne phase, 6 = args(w), gives

|Repix (w) | = mgaxz |Re [e7 s (w)] | =2[s(w)]. (48)
For the lossless single-sided cavity, |s(w)| = 1. Therefore

Ren (@),

TIPS (49)

which saturates the coherent-input data-processing bound (37). The cavity can reshape and phase-shift
the signal, but it cannot create information about a displacement that entered only through the input
field.

4.2. Resonance fluorescence
Let oy, 0y, and o, be Pauli operators, and let

o_ =g, oy=ol. (50)

We consider a driven two-level atom with one measured radiative channel,

A Q
H:E Z+EUX, L:\/EO', (51)

The output field and ideal homodyne current are
Dout (1) = bin (1) + Vo (1), Tp(1) = e by () + bl (1) (52)
The corresponding system quadrature is
Xg=e L+l = \/k (cosflox —sinfoy). (53)
We modulate the radiative coupling amplitude as
L (1) = /2L, (54)

Since this is the kinetic modulation of equation (12), the activity appearing on the right-hand side of the
main bound is the steady fluorescence flux,

A=Tr [LTLpSS] = K<U+O'—>ss- (55)

For 2 # 0, the stationary state is faithful, and the single radiative channel is the complete Markov out-
put. Corollary 1 therefore gives the output-field QFI rate explicitly:

FQw)=AL,  F& (w) = A (56)

8



10P Publishing Quantum Sci. Technol. 11 (2026) 045098 J Guand K Liu

Thus this example displays both levels of the hierarchy,

_ ‘RG (w) |2 Q,scalar _
Jo (w) = W<fout (w)=A. (57)

We now verify the main inequality explicitly for the resonant case A = 0. Define

QZ

D=r*+20, pe={(010 )= o A = kp,. (58)
The steady-state Bloch components are
20k K2
xss:O7 T ——— z)ss — T < - 59
() I 59)

With the real unit-RMS lock-in convention of section 2, the coupling modulation produces no linear
response in the o, quadrature. Therefore

Ry (w) = —sinfR, (w), S3" (w) = cos? S, (w) +sin* 05, (w). (60)
Let

d(w) = (f—iw> (k — iw) + Q2. (61)

The phase-quadrature response is

(62)

This expression contains both the dynamical response of the atom and the direct input—output contribu-
tion from the explicit dependence of L(¢) on €. The two quadrature spectra are

21202

Sw)=1+——"""—"7"-—=, (63)
D [(ﬁ/z)2 +w2}
and
42 k(K —49Q%) —iw (K? =202
Sy(w)=1— n e ( ) ( ) (64)
D? d(w)
The leading term 1 in each spectrum is the vacuum shot-noise contribution.
Since S,(w) > 0, equation (62) implies
.2
Ro)P _ sOIR@)P RGP .

S9"(w)  cos20S, (w) +sin?0S, (w) Sy (w)
with equality at the phase quadrature 6 = /2 whenever Q) = 0. Direct substitution of equations (64)
and (66) gives

AS, (w) = |Ry (w) ] Gt T [4 (w? — 92)° 4 K2 (402 + 9u? +5I€2)} >0. (66)

" 2D?d(w
Thus

[Ro (@) F _ [Ry(w) P

b S (w) S, (w) SA (67)

which verifies the detector-level inequality in an exactly solvable finite-dimensional example. Together
with equation (58), it verifies the complete hierarchy rather than only the combined activity bound. The
undriven case {2 = 0 is trivial: the activity and the linear response both vanish.

Figure 1 shows the hierarchy numerically for A =0 and © = 2.5x. In panel (a), the dashed response
curves remain below the corresponding solid activity-weighted spectra, correcting the line-style assign-
ment. Panel (b) compares the detector information directly with the exact output-field QFI. Over the
sampled frequency range, the maximal ratios Jp/F, %" are 0.275 for § = 7 /4 and 0.433 for 0 = 7/2,

whereas " / A = 1 identically.
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Figure 1. Resonance-fluorescence hierarchy for kinetic modulation of the radiative coupling, with A = 0 and Q2 = 2.5k. (a)
The dashed curves are the squared lock-in responses |Rg (w)|?, and the solid curves are the activity-weighted output spec-
tra §3™(w) A, for § = /4 and 6 = 7 /2. The dashed curves remain below the corresponding solid curves, as required by
|Rg (w)|><S5™ (w).A. (b) Detector Fisher-information rates Jy = |Rg|*/S3™ normalized by the exact full-output QFI rate. The
dotted line is F, %" / A = 1, showing that the QFI/activity inequality is saturated by the full output while homodyne detection
is generally strict.

4.3. Two-port Kerr-parametric cat resonator
We next consider a nonlinear bosonic model motivated by Kerr-cat and dissipatively stabilized cat-
resonator platforms in circuit QED [39-42]. The physical oscillator is infinite-dimensional. To keep the
example within the finite-dimensional assumptions of the main results, all numerical quantities below
are defined in a Fock truncation.

Let

N—1
Hy=span{[0),[1),...,IN=1)},  Py=> |n)(n],  ay=PyaPy. (68)
n=0
On Hy we use
i N\ 2 P (a) L 2 i
HN:—AaNaN—K(aN> aN+E (aN) +ay +F<aN+aN>, (69)

with two independently structured output couplings,

Lex,N = v/ Kex GN, LZ,N =Vh2 ajz\]‘ (70)

The first port is a single-photon external-loss channel and the second is an engineered two-photon-loss
channel. Unlike two proportional single-photon couplings, these operators generate independent sig-
nal directions and allow appreciable channel mixing. The two-photon drive p, Kerr nonlinearity K, and
small linear bias F produce a nonlinear cat-resonator regime with a fixed phase-space orientation. For
the parameters below, the truncated generator is mixing and its stationary state p y is faithful.

10
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Both output couplings are kinetically modulated,
Lix () = Ly, ge{ex2}, (71)
so that
Vanp =D [Lon] p. (72)
The signal-activity matrix is diagonal,
Asig.n = diag (Aex N, A2 N) Agn=Tr {L; NLq,Npss,N] . (73)
Because both Markov outputs are retained, Corollary 1 gives the intermediate matrix in closed form,
Faun (@) = Aggn® 1. (74)
We homodyne both output ports, with phases 6, « € {ex,2}, and define
Xon=e 0oLy y+ef Ll Banp=e Lo np+e®pLl . (75)
Writing OnY =Y — pg yTrY, the complex positive-frequency spectrum matrix is
8 0 (@) = G+ Tr X (—iew = £3) ™" Qv (Bapso)|
Tt [XW (iw— Lx) "' O (Ba,NpSS,N)} . (76)
The complex response of output « to signal ¢ is
Xt (69) = Tr [ X (—iss = L) ™ Vo] + %% Tr [Xa npssn]. (77)
The direct term occurs when the signal modulates the same coupling operator that appears explicitly in

the monitored output quadrature. Appendix C derives equations (78) and (79).
For a complex number z, define the real lock-in block

B(z) = (ﬁzi _RIEH;Z> . (78)
In the ordering (ex,c), (ex,s),(2,¢c),(2,s), the complete real matrices are
Ry (W) = [B (Xagn (@))],,» SN (W)= [B(CAhnw)], 4 (79)
Thus both Ry and S are 4 x 4, and
Iy (w) = RE () 83" ()] ' Ry (@) 2 FS v (w) = Aggn ® L. (80)

This explicitly evaluates the intermediate output-field QFI rather than testing only the combined detec-
tor/activity bound.
To expose the multiparameter structure, set

Iy = |:F0Qut7N:| o v |:F0<31t,N:| o :

(81)

The complex-to-real structure gives two distinct eigenvalues A, (w)>A_(w), each repeated twice. For its
2 x 2 channel blocks, define

_ [Nex2 @) [le
N

Here p,; measures the normalized diagonal information in channel g, while ;# measures the off-diagonal
coupling between the two signal channels.

For N=12,K=1, A=0.2, p=2.0, F=0.15, kex = k2 = 0.2, and O = 6, = 0, the stationary activi-
ties are

1~
pg(w) = ETrJqq (w), f(w) (82)

Aexn =0.1866725, Ay = 0.1843478. (83)

11
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Figure 2. Full two-channel hierarchy for the truncated Kerr-parametric cat resonator. (a) The two distinct eigenvalues A (solid)
and A_ (dashed) of Jy. The dotted unity line is the exactly evaluated normalized output-field QFI, an’ ~/ (Asign ® ) = 1. (b)
The normalized diagonal channel projections pex and p;, together with the off-diagonal mixing norm . The dash-dotted vertical
line marks wy /K = 3.16, where pex = 0.661, p» = 0.472, and p = 0.278. Parametersare N= 12, K=1,A =0.2,p =2.0, F=
0.15, Kex = ko = 0.2, and Oy = 6, = 0.

At the frequency where the mixing diagnostic is maximal, w, /K = 3.1567, the normalized measured-
information matrix is

0.661 0 —0.277 —0.024
) = —09277 8:82411 8:2%1 _06277 ' (84)
—0.024 —-0.277 0 0.472
Consequently,
Ay =0.860, A_=0273, pex=0.661, py=0.472, p=0.278. (85)

Both diagonal channel blocks are appreciable, and the off-diagonal block raises A well above either
scalar channel projection. Over the full displayed interval, max, A4 (w) = 0.894 < 1, while the exact nor-
malized output QFI is unity.

Figure 2 summarizes the frequency dependence of the full two-channel hierarchy. In panel (a), both
normalized eigenvalues of Jy remain below the exact full-output QFI ceiling at unity throughout the
displayed frequency range, with max,, A4 (w) = 0.894. The separation between A, and A_ becomes par-
ticularly pronounced near w, /K ~ 3.16. Panel (b) resolves this behavior into the two diagonal channel
projections and the off-diagonal mixing contribution. Both pex and p, remain appreciable, while the
mixing norm 4 develops a clear maximum near wy, where pex = 0.661, p, = 0.472, and p = 0.278. At
the same frequency, A4 = 0.860 exceeds either individual channel projection, demonstrating that the off-
diagonal block makes a quantitatively significant contribution to the optimal joint signal direction. Thus
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the figure illustrates not only the strict detector-to-output-QFI inequality, but also the genuinely multi-
parameter character of the measured-information matrix.

5. Relation to existing fluctuation-response bounds

This section clarifies the relation between equation (33) and existing fluctuation-response bounds. The
equilibrium fluctuation—dissipation theorem relates linear response to equilibrium correlation functions,
while nonequilibrium extensions express response in terms of both entropic and frenetic contributions
[5-10]. At the spectral level, Harada—Sasa-type relations connect violations of equilibrium fluctuation-
response structure to dissipation [21, 22, 24]. More recent finite-frequency fluctuation-response inequali-
ties instead bound response precision directly by kinetic or activity-like costs, including for Markov jump
and Langevin dynamics [14—19, 23]. The present result is the input—output quantum analogue of this
finite-frequency response-to-fluctuation structure.

The connection with Dechant’s finite-frequency FRI becomes exact in the classical counting limit
[19]. Consider Lindblad jump operators

Log =VQ (alB) ) (8],  a#5, (86)

with diagonal stationary state
s =Y _pa(B)[8) (Bl (87)
B

A classical kinetic perturbation of the transition rates,

Qe (a]B,8) = (alB)exp | > e (1) Yy (alB) |, (88)

q

is represented at the Lindblad-amplitude level by

L((;) = exp Zeq Y, («|B) (89)

Thus bap,q = Yq(|3) in equation (12), and the signal activity (27) reduces to

Asig) ZY (@]8) Y, (] B) Q0 (] B) pst (B) - (90)

This is the activity matrix entering the Markov-jump version of finite-frequency fluctuation-response
bounds [14-16, 18, 19]. If all jump channels are ideally counted, the output record is the classical jump
trajectory. The real lock-in response matrix R(w) and output spectrum S°*(w) then reduce, after com-
bining cosine and sine components into the usual complex positive-frequency convention, to the classi-
cal response R(w) and power spectrum S(w). When S(w) is nonsingular, the Moore—Penrose inverse in
equation (33) becomes the ordinary inverse and one obtains

R (w)STHw)R(w) <A, Ay = ZY (a]B) Yr (] B) €20 (] B) P (B) - (o1)

Thus the classical counting limit of equation (33) is not merely analogous to Dechant’s result; it repro-
duces the same finite-frequency FRI in the jump-process setting [19].

The main results are also closely related to response kinetic uncertainty relations [29, 30]. In the
classical response KUR, the response precision of a trajectory observable in a Markov jump process is
bounded by dynamical activity, up to the maximal logarithmic sensitivity of the transition rates [29].
Related classical response bounds refine this structure by emphasizing kinetic perturbations, activity, and
finite-frequency response rather than only entropy production [14-18]. In the quantum response KUR,
the same information-theoretic backbone is combined with the quantum Cramér—Rao bound and an
activity structure for continuously monitored Lindblad dynamics; for steady-state jump observables this
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yields an activity contribution together with a genuinely quantum inter-subspace term [30]. The present
result follows the same hierarchy,

response precision<Fisher information<activity,

but implements it at the level of the emitted field. The left-hand side is a finite-frequency response-to-
noise matrix of measured output currents, the intermediate term is the output-field QFI, and the upper
bound is a calibrated signal-channel activity.

For the kinetic modulation

L (1) =0, (92)

this activity reduces to

Asg= Y b Tr[LiL.ps] (93)

12

or to its multiparameter matrix generalization. It is the input—output analogue of the activity appear-
ing in response KURs: a weighted rate of signal-bearing quantum emissions [29, 30]. If one further spe-
cializes to photon counting, zero-frequency or time-integrated observables, and a classical jump limit,
equation (33) reduces to an R-KUR-type statement. Conversely, the input—output formulation goes
beyond trajectory-level response KURs by remaining explicitly finite-frequency and by treating phase-
sensitive measurements, such as homodyne and heterodyne detection, on the same footing as counting
measurements.

This distinction is also important relative to quantum-trajectory fluctuation-response bounds [28]. A
trajectory-level inequality is applied after a particular unraveling or monitoring scheme has been chosen.
By contrast, equation (33) is imposed before choosing the detector: different detection schemes are dif-
ferent POVMs on the same emitted field, and the measured response-to-noise matrix is bounded by the
output-field QFI through data processing. The bound is therefore unraveling-independent at the field
level, while still reducing to classical or trajectory-level activity bounds in the appropriate monitored
jump limits.

6. Discussion and conclusion

The main message of equation (33) is that finite-frequency response precision in an output measurement
is limited before an unraveling is chosen. The measured side of the inequality is classical spectral data:
the response matrix R(w) and the output-current spectrum S°"(w). The intermediate object is the QFI
rate of the emitted quantum field, which bounds the information available to any downstream detector.
For dissipative amplitude modulation of Markovian coupling channels, this QFI rate is further bounded
by the signal activity Ag,. The result therefore occupies a middle ground between two extremes. It is
more quantum than applying a classical fluctuation-response inequality to a fixed trajectory record, but
more operational than a bound written only in terms of internal noncommutative correlation functions.

The inequality is most useful as a detector-facing diagnostic bound. A violation of equation (33)
would point to missing physics or inconsistent calibration. Possible causes include unaccounted signal
paths, non-Markovian filtering, detector nonlinearities, unmodeled gain, or an incorrect normalization of
the measured response.

The bound is a linear-response result. The response matrix is defined at € = 0, and the noise spec-
trum is that of the unperturbed steady state. Nonlinear response can be treated by higher-order informa-
tion inequalities [43], but equation (33) is a first-order finite-frequency statement.

The frequency independence of Ay, follows from the Markovian nature of the signal channel. A
Markovian bath has no memory, and a local change in the coupling injects distinguishability at a rate
fixed by the instantaneous activity. If the bath is non-Markovian, or if the signal is filtered before reach-
ing the system, the right-hand side generally becomes frequency dependent.

The examples illustrate different roles of the bound. The single-sided cavity gives a Gaussian bench-
mark in which the coherent-input version can be saturated because the output field is related to the
input field by a linear scattering transformation. The resonance-fluorescence example shows how a finite-
dimensional quantum emitter can display phase-sensitive homodyne response while still obeying the
same output-field information constraint. The truncated Kerr-parametric cat resonator provides a non-
Gaussian matrix validation in a larger Hilbert space, where the response and noise spectra are no longer
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reducible to a simple passive scattering problem. Taken together, these examples show that the inequality
is not tied to photon counting, classical jump trajectories, or zero-frequency observables.

The tightness of the bound depends strongly on the measurement architecture and on the amount of
unobserved information loss. Linear passive systems driven and measured through the relevant port can
saturate the coherent-input version. Unobserved loss channels, thermal noise, inefficient detection, and
internal nonlinear dynamics generally make the inequality strict. Inefficient detection can be modeled
by inserting beam splitters before ideal detectors; this can only decrease the measured signal-to-noise
ratio, so the bound remains valid, but the achievable precision moves farther below the activity limit.
Nonlinear quantum systems may approach the bound near resonant features and for optimized quadra-
ture measurements, but exact saturation should not be expected generically.

Several assumptions should be kept explicit. The derivation assumes Markovian input fields, weak
sinusoidal signals, stationary operation, and calibrated accounting of the relevant output channels. If
the bath has memory, the information injected by the signal may become frequency dependent, and a
frequency-independent activity bound need not hold in the present form. If the signal changes the sta-
tionary state strongly or drives the system into a nonlinear-response regime, higher-order response terms
are required. If some output channels are unobserved or if the detector chain contains nontrivial filter-
ing, the measured spectra must be interpreted as spectra of the accessible field after those transforma-
tions, not as spectra of the ideal output field itself.

The multiparameter case also raises a genuine quantum issue. The scalar inequality along any fixed
signal direction follows from the ordinary single-parameter QFI bound. For several signal quadra-
tures or several modulated channels, however, the SLD-QFI matrix need not be jointly attainable by
a single measurement when the corresponding parameters are incompatible. The matrix inequality in
equation (33) should therefore be read as an information upper bound on all downstream measure-
ments, not automatically as a jointly saturable estimation bound. A finite-frequency Holevo-type formu-
lation is the natural next step when simultaneous optimal estimation of incompatible signal components
is required [36].

Another important extension is the Hamiltonian signal case. If the perturbation is

H (1) = Hy — €f(t) B, (94)

then the signal is not injected through a jump activity. The corresponding information cost should
instead be controlled by a quantum Fisher strength associated with the Hamiltonian tangent vector
generated by B. Such a result would be closer to a noncommutative operator-level FRI and would gen-
erally not reduce to a simple channel flux. The input—output data-processing part of equation (33)
should still apply, but the simple activity expression (27) is special to dissipative amplitude modulation
of Markovian coupling operators.

The most direct experimental settings for testing the bound are platforms where input—-output theory
and calibrated detection are already standard, including resonance fluorescence, circuit QED, optome-
chanics, and mesoscopic transport. Homodyne and heterodyne detection are particularly useful because
they access coherent quadrature response that may be invisible in simple counting statistics. In such set-
tings the inequality provides a direct consistency relation between measured finite-frequency signal-to-
noise ratio and independently calibrated signal-channel activity.

In summary, we have formulated a finite-frequency fluctuation-response inequality for open quan-
tum systems in an input—output setting. At each frequency, the optimal linear response-to-noise ratio of
measured output currents is bounded by the QFI rate of the emitted field, and for dissipative ampli-
tude modulation of Markovian coupling channels this QFI rate is bounded by a signal activity. For
faithful stationary dynamics with the complete Markov output retained, we evaluated the intermedi-
ate QFI explicitly for horizontal kinetic tangents and found that it equals the activity matrix. The cen-
tral structural feature is detector-facing but unraveling-independent: different measurements are treated
as different POVMs on the same output field, while the bound itself is imposed before any of them is
selected. Extending this structure to non-Markovian environments, Hamiltonian perturbations, nonlin-
ear response, and multiparameter incompatible estimation would clarify how broadly finite-frequency
response precision in quantum open systems is constrained by information injected into the output field.

Data availability statement

No new data were created or analysed in this study.
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Appendix A. Derivation of the main results

A.1. Real frequency modes and measured spectral signal-to-noise ratio

The proof begins with an elementary classical fact. Let Z denote the complete measurement record
generated by a chosen detector during [0, T, and let P1(Z) be its probability distribution under a real
parameter vector ©J. For any real statistic X(Z) with mean m(J) and covariance ¥, define the score
6,(2) = 8,- 11‘1PZ;(Z)|19:0. Then

8,'1’1’1 =K [(X— m) 51] . (95)
The block covariance matrix of (X, ) is positive semidefinite. Taking its Schur complement gives

B'STB<F} (96)

cl»

where B,; = 0;m, and FC{ i = E(¢i¢;) is the classical Fisher information matrix. Equation (96) does not
require the statistic to be Gaussian. A central-limit theorem is useful for interpreting the Fourier modes
as Gaussian spectral estimators, but the inequality itself is just the score identity plus Cauchy-Schwarz.

We apply equation (96) to the real lock-in vector

- - - - T
X7 (w) = (\fZReII,T,lemlm,...,ﬂReIm,T,\/EImlm,T) : (97)

The perturbation parameters are the real quadrature amplitudes 7 = (11,¢,71,5, - - - ,nnp’c,nnp’s)T in
equation (14). Stationarity implies that, at fixed nonzero w, the covariance of X(w) is the real lock-in
spectral matrix S°*(w) defined in equation (18). With the unit-RMS convention (13), the Schur com-
plement inequality becomes

TR" (w) [S* (w)] "R (w) = F} (w) +o(T). (98)

Equivalently, for a chosen real direction ¢, maximizing over all real lock-in filters u gives the generalized
Rayleigh quotient
'R (w) 9] TRT +
max —————— =19 R (w) [S*"(w)] "R (w) 9. 99
TSN (o) 1 (w) [$™ ()] "R(w) (99)

This is the operational meaning of the measured response-to-noise matrix. If the two real lock-in com-
ponents are repackaged into one complex positive-frequency variable, the factors of v/2 in equation (97)
are essential; omitting them is precisely what produces the spurious factor-of-two mismatch between the
complex Fourier convention and the real-mode Fisher information.

A.2. Data processing from the output field to the detector record

Let 0}, 5 be the output-field state over [0,T] in the local model (14). A detector is a POVM {Ez} on
this field, possibly after adding ancillary vacuum modes and including classical feedback. The observed
distribution is

P§(Z) =Tr [Ez0dy.9] - (100)

Quantum Fisher information is monotone under completely positive trace-preserving maps and, in par-
ticular, under measurement. Therefore, for every finite T,

Fl(w) = FE! (w). (101)

Combining the finite-time classical projection inequality (98) with (101) gives, for every real signal
direction 9,

TYTR™ (w) [S™ (w)] " R (w) 9<ITEST (W) 9+ o(T). (102)
Dividing by T and taking the upper long-time limit gives
IR () [ ()] " R (w) 0<F oy (w3 0) (103)
This proves Theorem 1 in its directional form. If T_IF(gl’tT(w) has a matrix limit, the same inequal-
ity for all 9 is equivalent to the Loewner inequality (25). Notice that no assumption has been made

about which output measurement is chosen. The measurement choice enters only through the POVM
in equation (100), and data processing removes it from the upper bound.
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A.3. Continuous-time Stinespring bound for dissipative coupling tangents
We prove the activity bound directionally. Fix a real signal direction ¢ € R*”, with components 9, ,
where a € {¢,s}. Along this direction the coupling tangent is

p
=D > Vgaa(t) My, (104)
q=1ac{c,s}
so that
L (f) = L+ eNj, (1) + O (€). (105)

Discretize time into bins of length At. Over a bin centered at time #, the vacuum Stinespring repre-
sentation may be written as

Ve (1) = Ky} ©0) +Z %@ [1,) + O (A, (106)
with
e . 1
K] =1- H+ 2 Y LT () L (1) | Ar+O(AF), (107)
w

K9 =L (5) VAT +0 (Aﬁ/z) . (108)
The derivatives at € = 0 are

Ky =NJ (1) VAr+0 (a2, (109)

: 1

Koi=—5 D [N0(8)' L+ LN ()] Ar+ 0 (a2), (110)

m

where the dot denotes Jc|c—o.
The purely dissipative condition (11) implies the parallel-tangent relation

S ki =0(ar), (111)

i

where i = 0, . This condition removes the coherent Hamiltonian-like channel tangent that would other-
wise accumulate in a sequential experiment. Without (11), an additional channel-QFI term appears and
the activity-only bound is not the correct general statement.

Let the pre-bin system state be p, and purify it by an arbitrary reference. Applying V.(#) to the sys-
tem gives a pure joint state | ¥, ;) of system, reference, and the field bin. The QFI of the field bin after
tracing out the system and reference is no larger than the QFI of this purified joint state. The pure-state
formula gives

FQ (p;0) <4 () — [(We ) ). (112)
Using equations (109)—(111) one obtains the local bound

FZ(p;0) <4ZTr[ tk)TN”(tk)}AtJrCAt{ (113)

where C is uniform because the system Hilbert space is finite dimensional and all operators are
bounded. The no-jump derivative contributes only to the O(A#*) remainder, while the jump derivatives
give the leading O(At) term.

For the full time interval, concatenate the bin isometries and retain the final system and all field
bins. The actual observed output field is obtained from this enlarged state by tracing out the final sys-
tem and any unobserved fields, so monotonicity of QFI allows us to bound the output-field QFI by the
QFI of the enlarged sequential state. Applying the amortized channel-QFI chain rule to the sequence of
bins gives

FQT (w;0) <4ZZTr[ N (1) po () | At +O(TAD) (114)
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where po(#) is the unperturbed pre-bin system state. The O(TAt) term vanishes in the continuous-time
limit at fixed T. Since the unperturbed process is initialized in the stationary state, po(f;) = pss. Passing
to the continuous-time limit therefore yields

FQT (w; ) <4/ dtZTr[ ()Pss] +0(T). (115)

Substituting the definition (104) gives

PSS 5 a1 000 8| R ST M 00 019

47 a,be{c,s}

For fixed nonzero w, the real unit-RMS modes satisfy

1 [T
T/ $a (1) ¢ (1) dt — G- (117)
0
Taking the upper long-time limit gives
—=Q
Fou @)<Y~ D Fgatha (Asg),, = 0" (Aig ® ) 0. (118)
q,r ac{c,s}

This proves Theorem 2. If the matrix QFI-rate limit (22) exists, the same directional inequality for all
is equivalent to

fo%t (w) = Asig & HZ-

For the kinetic modulation M, = b,,4L,, /2, the activity matrix becomes

(Asg),, = bughyur Tr [Lf Lupss] (119)

m

which is equation (27). The right-hand side is the steady event flux in the modulated channels, weighted
by the calibrated signal-coupling coefficients.

A 4. Exact full-output QFI for horizontal dissipative tangents
The activity bound above follows from channel monotonicity and therefore does not require an explicit
evaluation of the output QFI. For the full output of a faithful, mixing finite-dimensional quantum
Markov model, that evaluation is available from continuous-time quantum Markov local asymptotic nor-
mality and output information geometry [44, 45]. We summarize the specialization needed here in the
standard SLD-QFI normalization.

For parameter g, the dynamical tangent is

Dy = (0,Myg,...,M,,) - (120)

The quantum-It6 horizontal component entering the output-QFI metric is
& _Imz TL (121)

Condition (11) is exactly & = 0. Hence no Poisson-equation or gauge-projection correction is required,
and the full-output QFI-rate metric for two such tangents is

fQ=4Re Z Tr (M}, M,urpss] - (122)
N

The same rate is obtained for the reduced output state after tracing out the finite-dimensional final
system; mixing makes the final-system contribution subextensive, and the system-output and reduced-
output local models have the same Gaussian limit [44, 45].
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For the deterministic frequency envelopes in equation (13), the tangent for component (g,a) is
¢a(t)Myq. It remains horizontal at every time. The corresponding infinitesimal generator is a quantum
stochastic martingale, so its It6 covariance is local in time. Consequently,

1 T
lim = (E&
Jim 7 (£

1 T
= f . 1
)(m,(r,b) 4Re;Tr [MgMyrpss] Jim 7 /0 a (1) Gy (1) dt

= (Asig) ,, Gat- (123)
This proves equation (30) and, in particular, establishes the ordinary matrix limit needed for the

Loewner chain in the two dissipative examples. For kinetic modulation, substituting M,,; = b,,4L,,/2
recovers the stationary flux matrix (27) exactly.

Appendix B. Coherent input drive bound
For a coherent input displacement,
bin (t) = bin (1) + €f (1), (124)
the parameter is encoded in the incoming field before the field interacts with the system. Let
f)=u¢a(),  acicst, (125)

where u is a fixed input-channel vector and the real frequency modes are normalized as

T
%/0 Ga (t) Py (t) dt — O (126)

For each real mode define
T
Bua= T*l/z/ ba (1) u'dBiy (1), [Bua, Bl ] =1, (127)
0

assuming u'u = 1. The incoming vacuum displaced by a small real amplitude € is therefore, in this
mode,

e} = exp VT (B, — Bua) | [0). (128)
Using the pure-state formula

Fo =4 ((0cel Octpe) — |(Vel0ecpe) ) , (129)

one obtains Fg = 4T, and hence a quantum Fisher information rate equal to 4 for each unit-RMS real
input quadrature. The cross term between the cosine and sine modes vanishes in the long-time limit by
their orthogonality, so the input-field QFI rate is 41, in the two-dimensional real quadrature space.

The subsequent system-field evolution is unitary on the joint input, system, and output degrees of
freedom. Discarding the system or unobserved output channels is a quantum channel, and therefore
cannot increase quantum Fisher information. Hence, for every real input-quadrature direction ¥,

—=Q
J:out

(w; ) <4979, (130)
If the corresponding matrix QFI-rate limit exists, this is equivalently

fo?lt (CU) j 4]12

Together with theorem 1, this gives equation (36).
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Appendix C. Liouvillian formulae for response and spectra

For completeness, we spell out the Liouvillian formulae used in the examples. The purpose of this sub-
section is not to introduce an additional assumption, but to fix the precise convention behind the resol-
vents, the homodyne insertion superoperator, and the direct input—output term.

Let £ be the unperturbed Lindblad generator,

Lp=—i[H,p|+ ) DL]p, (131)
1
and let ps be its stationary state,
Lpss =0, Trps = 1. (132)
We use the projection
QY =Y— py TrY, (133)

which removes the stationary trace component. On the traceless subspace, the mixing assumption
implies that —iw — £ is invertible for every real nonzero w. Equivalently, throughout this subsection one
may read (—iw — £)™! as the reduced resolvent acting on the Q-projected subspace.

Suppose first that the system generator is weakly perturbed as

pH)=Lp(t)+e(B)Vp(t) +0(), (134)

where V = 9.L(9)|— is the first-order perturbation superoperator. Linearizing around the stationary
state,

p(t) = pss+3p(t) + O (), (135)
gives
0p (1) = L3op (1) + € (1) Vpss. (136)
For a positive-frequency perturbation
e()=ene ™, dp(1)=cue”“"op(w), (137)
Equation (136) gives
(—iw—=L)bp(w) = Vpss. (138)
Thus
5p(w) = (—iw—L£)" Vpg. (139)

Since Tr[Vpgs] = 0 for a trace-preserving perturbation of the generator, the source term lies in the trace-
less subspace, where the reduced resolvent is well defined.
Now let the measured output current have the form

Lo (1) = &a () + Xa (1), (140)

where £,(f) denotes the vacuum input noise contribution and X, is the system operator appearing in
the corresponding output quadrature. For homodyne detection of one output channel with coupling
operator L and local-oscillator phase 6,

Iy (1) = e by (1) + €”bl,, (1) = &9 () + X (1), (141)
with
()= b () +%bf (1),  Xp=ePL+eLl. (142)
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The response of the mean current has two contributions. The first is the indirect response caused by the
perturbation of the density matrix. Using equation (139), this contribution is

R () = Tr [Xa (—iw— L) Vpss} . (143)

The second is a direct response, present only if the measured output operator itself depends explicitly on
the signal. If

X=X, +eX,+0(),  Xo=0X9|mo, (144)
then the direct contribution is
Rg" =Tr [Xa,oss] . (145)
Therefore the full complex response coefficient is
R, (w)=Tr [Xu (—iw—L£)"" Vpss] 4RI, (146)
For several signal parameters ¢,, one replaces ) by V,; and X, by X, ,:
Raq(w)=Tr [Xa (—iw — L')_l quss} +Tr [prss} ) (147)

In the two-port truncated cat-resonator example, both monitored coupling operators are modulated
according to equation (73). For output « and signal g,

€,
XSQ = XoNt féaar,NJrO(e;), (148)
so that
. 1
XaNig = 50aqXa - (149)

Equation (147) therefore gives

. — 1
Xagq,N (w) =Tr |:Xa,N (_lw - EN) ! Vq,Npss,N + Eéaq Tr [Xa,Npss,N] .

This reproduces equation (79) and is the response formula used in the complete two-output calculation.
We next derive the homodyne spectrum. For a stationary current, define the connected correlation
function

Cap (1) = (0L, (t+ 7) 01y (1) )ss, 0L, (1) = L, (1) — (I)ss- (150)

The output spectrum is the Fourier transform

S (w) = /oo d7e“TCpy (7). (151)

— 00

The vacuum input part of the homodyne current gives the white shot-noise contribution. For a single
ideal homodyne current this contribution is 1 in the real lock-in normalization used in the main text.

The system-dependent part is obtained from the quantum regression theorem. For the homodyne
current in equation (142), define the current-insertion superoperator

Bop=ePLp+eLt. (152)

This superoperator represents the effect of inserting the earlier output-current operator into a two-time
correlation function. To see this insertion rule, consider an infinitesimal output time bin and write the
homodyne increment as

dYy () = e ?dBoy (1) + €?dBl (1) .
For a system state p, the one-bin Stinespring map gives, to the order needed here, field coherences
VoVt = 4+ LpVdt® [1)(0| + pLTVdt ® [0) (1] 4 - - .

21



10P Publishing

Quantum Sci. Technol. 11 (2026) 045098 J Guand K Liu

Using dBoy ~ v/dt|0)(1| and dB!, ~ v/d|1)(0|, and tracing over the output bin, one obtains
Trpin [(1® dYy) VpVT] = (e Lo+ pLT) dt = Bypdt.

Thus insertion of the earlier homodyne increment prepares the unnormalized system operator Bypdt.
Propagation for a time 7 > 0 is then given by the unperturbed semigroup e“7, and the later homodyne
mean is Tr[Xy(-)]dt. Therefore

<dY9 (t—|— 7)dYy (t)>:zs =Tr [Xge'CTB@pSS} de.
Dividing by d#* implies, for 7 > 0,
(I (t+7) 1o (£))2° = Tr[Xge"  Bypss) , (153)

where the superscript ‘sys” indicates the part beyond the instantaneous vacuum noise. The disconnected
contribution is removed by replacing Bypss by its projected version

Q (Bepss> = B@pss — Pss Tr [BGPSS] . (154)
Since
Tr [Bepss} =Tr [Xsts] ) (155)

this subtraction is precisely the subtraction of (Iy)Z.
For 7 > 0 the connected system part is therefore

G (1) = Tr[Xee"™ Q(Bgpss)] - (156)

The one-sided Fourier-Laplace transform gives the reduced resolvent:

/OC dre“TC)* (1) =Tr |:X9 /OO dr ST g (ngss)]
0 0
:Tr[xa(_iw_c)—l Q(ngss)}. (157)

For a real homodyne current, the negative-time part of the correlation function gives the complex conju-
gate of equation (161). Hence the full two-sided spectrum is

9 (w) = 1+ 2Re Tr[Xg(—iw—E)_l Q(ngss)}. (158)

This is the formula used in the homodyne examples.
For multiple real output currents, the same argument gives a matrix spectrum. If

L (1) =& (1) + Xa (1), (159)

and if B3, denotes the corresponding current-insertion superoperator, then
S3t (w) = Doy + T [ X, (—iew = £) 7 Q(Bypy) | + Tr X (iww — £)™ Q (Bap)| (160)

where D, is the white-noise covariance of the input vacuum noises &,,&p. For a single ideal homodyne
current, Dgg = 1, and equation (164) reduces to equation (162).

Specializing the multiple-current formula (164) to the two independent vacuum outputs of the trun-
cated cat resonator gives Dog = 03 and

08 0 () = By + Tr Xy (=0 = L) ™" Qv (Bowpsoy)]

+Tr [XB,N (iw—Ly)" On (BQ,NPSS,N):| .

This reproduces equation (78), where X, ny and B, y are defined in equation (77). Applying the block
realification B to every output-output and output-signal entry yields equation (81). This retains the
cross-spectrum between the two homodyne records and is essential for the off-diagonal information
block shown in equation (86).
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