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Abstract: In this paper, we investigate the chaos bound through the local radial insta-
bility of charged spinning test particles on unstable circular orbits in the black-bounce–
Kerr–Newman spacetime. Our results show that violation of the bound is governed by
the competition between the local orbital-instability scale and the surface gravity scale,
with variations of the black hole background and the particle dynamics providing two
complementary routes to the same threshold crossing. Background variations affect both
scales and can drive the system into the bound-violating regime when the surface gravity
is suppressed more strongly than the orbital instability. At fixed background, by con-
trast, the surface gravity remains unchanged, and the transition across the threshold is
driven by changes in the unstable orbit dynamics induced by the particle parameters. The
background-controlled and probe-dynamics-controlled routes therefore represent two real-
izations of a unified horizon–orbit scale competition rather than independent mechanisms.
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1 Introduction

Unstable orbits in the strong gravity region of black holes provide a natural setting for
probing the interplay between local orbital instability and horizon properties. The local
radial instability of such an orbit can be characterized by the Lyapunov exponent (LE),
whereas the surface gravity defines a characteristic scale associated with the event horizon.
Comparing these two quantities leads to the chaos bound condition [1]

λ ≤ κ, (1.1)

where λ denotes the LE and κ is the black hole surface gravity. This relation is closely
connected to the Maldacena–Shenker–Stanford (MSS) bound on chaos [2], λL ≤ 2πT ,
which constrains the Lyapunov growth rate in thermal quantum systems and is commonly
characterized through the early-time behavior of out-of-time-order correlators (OTOCs) as
a diagnostic of information scrambling and quantum chaos [3–8]. In the black hole context,
the surface gravity provides the corresponding horizon scale against which the classical
orbital LE can be compared. The chaos bound therefore relates two quantities of different
physical origin: one associated with the local instability of an orbit and the other determined
by the near-horizon geometry.

Following the proposal of this bound, Zhao et al. systematically investigated the static
equilibrium of charged particles in a broad class of charged black hole spacetimes and
demonstrated that the inequality can be violated under suitable conditions [9]. The analysis
was subsequently extended by incorporating particle angular momentum [10, 11], while
chaotic motions in rotating black hole backgrounds were further examined in Ref. [12].
Subsequent studies generalized this framework to a wider range of gravitational and matter
backgrounds and investigated the roles of black hole rotation [13–15], the cosmological
constant [16, 17], modified gravity [18, 19], and spin–curvature coupling [20, 21]. Related
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analyses further considered the black brane configurations [22, 23] and a variety of more
general black hole geometries and dynamical settings [24–39]. Collectively, these studies
demonstrate that chaos bound behavior is sensitive to both the spacetime background and
the dynamics of the probe.

Despite extensive evidence for chaos bound violation, its underlying physical origin
remains unclear. Since the bound compares the orbital-instability scale with the surface
gravity scale, its violation does not necessarily imply an absolute enhancement of the local
orbital instability. A variation of the black hole background can modify the unstable orbit
and the horizon geometry simultaneously and may suppress both the LE and the surface
gravity at different rates. In particular, the bound can be violated when the surface gravity
is reduced more strongly than the LE, even if the local orbital instability itself becomes
weaker. A recent study identified a near-extremal geometric mechanism for the violation, in
which the relative limiting behavior of unstable circular orbits and the degenerate horizon
determines whether the orbital-instability scale remains finite or is suppressed together with
the vanishing surface gravity [31]. This motivates a broader examination of how the balance
between these two scales is controlled away from this limiting regime. For a spinning test
particle, the spin–curvature coupling introduces nongeodesic effects into the motion and,
within the pole–dipole approximation, is described by the Mathisson–Papapetrou–Dixon
(MPD) equations [40], while the charge introduces an additional electromagnetic interaction
with the background field. When the black hole background is held fixed, these variations
in the particle dynamics can modify the local orbital instability while leaving the surface
gravity unchanged. This naturally suggests examining two complementary possibilities:
whether the balance between the orbital-instability and surface gravity scales is altered
by changes in the black hole background, which affect both scales, or by changes in the
probe dynamics at fixed background, which act directly on the local orbital instability. A
systematic comparison of these two types of variations is therefore important for clarifying
how their different effects on the two competing scales can lead to chaos-bound violation.

Black-bounce geometries provide a natural setting for examining these effects within
a common two-scale picture. By introducing a nonzero regularization scale, these space-
times replace the central singularity of conventional black hole geometries with a regular
minimal-area surface and can interpolate among regular black holes, critical configurations,
and horizonless traversable wormholes as the model parameters are varied [41]. The black-
bounce–Kerr–Newman spacetime was constructed as a regularized extension of the Kerr–
Newman geometry that interpolates between regular black hole and traversable-wormhole
configurations [42]. Its optical [43] and scattering properties [44] have been studied. These
studies have established the black-bounce–Kerr–Newman geometry as a useful framework
for probing the observational and dynamical consequences of regularization in a rotating
and charged spacetime. The regularization deformation modifies both the horizon struc-
ture and the unstable-orbit dynamics, thereby affecting the orbital-instability and surface
gravity scales entering the chaos bound. With rotation and charge included, this spacetime
therefore provides a useful setting for comparing background variations, which generally
modify both scales, with probe-dynamics variations at fixed background, which affect the
local orbital instability while leaving the surface gravity unchanged.
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In this work, we investigate the local radial instability of charged spinning test particles
on unstable circular orbits in the black-bounce–Kerr–Newman spacetime and examine the
chaos bound by comparing the LE with the black hole surface gravity. The particle motion
is restricted to the equatorial plane, with its spin taken to be parallel or antiparallel to
the symmetry axis. After determining the unstable circular orbits from the radial effective
potential, we analyze how the black hole and particle parameters affect the LE and the onset
of chaos bound violation. Our analysis is organized to compare two complementary classes of
variations within the same competition between the orbital-instability and surface gravity
scales. Variations of the black hole background generally modify both scales, whereas
variations of the particle total angular momentum, spin, and charge at fixed background
leave the surface gravity unchanged and thereby isolate their effects on the unstable-orbit
dynamics. We further compare the two orbital branches of the rotating spacetime and
examine how the spin–curvature coupling modifies the local orbital instability and shifts
the critical threshold for the violation in a branch-dependent manner.

The remainder of this paper is organized as follows. In Sec. 2, we introduce the black-
bounce–Kerr–Newman geometry and derive the equations of motion for a charged spinning
test particle in this spacetime. We then construct the radial effective potential and obtain
the corresponding LE. In Sec. 3, we examine how the black hole background and parti-
cle parameters affect chaos bound violation and compare their respective effects on the
orbital-instability and surface gravity scales. Section 4 summarizes our main results and
conclusions.

2 Dynamics of spinning particles in the black-bounce–Kerr–Newman
spacetime

2.1 Black-bounce–Kerr–Newman geometry

The black-bounce-Kerr–Newman geometry introduced in Ref. [42] is obtained by replacing
the Kerr–Newman radial function with its regularized counterpart, r →

√
r2 + ℓ2. In

Boyer–Lindquist-like coordinates, the metric can be written as

ds2 = − ∆

ρ2
(
a sin2 θ dϕ− dt

)2
+

sin2 θ

ρ2
[(
r2 + ℓ2 + a2

)
dϕ− a dt

]2
+

ρ2

∆
dr2 + ρ2 dθ2,

(2.1)

together with the electromagnetic four-potential

Aµ = −Q
√
r2 + ℓ2

ρ2
(
1, 0, 0,−a sin2 θ

)
, (2.2)

where

ρ2 = r2 + ℓ2 + a2 cos2 θ, (2.3)

∆ = r2 + ℓ2 + a2 − 2M
√

r2 + ℓ2 +Q2. (2.4)
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Here, M , a, and Q denote the mass, rotation parameter, and electric charge, respectively,
while ℓ > 0 is the regularization length scale governing the black-bounce deformation. As
in the original black-bounce construction [41], the radial coordinate extends over the entire
real line. In the rotating charged generalization [42], the surface r = 0 provides a regular
connection between the two asymptotic regions.

The Killing horizons are determined by the real roots of ∆ = 0. In the parameter
regime Q2 + a2 ≤ M2, it is convenient to introduce

ℓ± = M ±
√

M2 −Q2 − a2, (2.5)

where ℓ+ and ℓ− coincide with the outer and inner horizon radii, respectively, of the Kerr–
Newman spacetime with the same values of M , a, and Q. The horizons of the black-bounce–
Kerr–Newman geometry are then located at

r
(S1,±)
H = S1

√
ℓ2± − ℓ2. (2.6)

Here, S1 = +1 and S1 = −1 identify the two asymptotic regions r > 0 and r < 0,
respectively, while the labels + and − refer to the outer and inner horizon branches. In the
r > 0 asymptotic region, the corresponding horizon radii reduce to

r± =
√
ℓ2± − ℓ2. (2.7)

The outer horizons exist for ℓ ≤ ℓ+, whereas the existence of the inner horizons further
requires ℓ ≤ ℓ−. Since ℓ− ≤ ℓ+, the horizon structure in the subextremal regime, Q2+a2 <

M2, can be classified as follows [42]:
0 < ℓ < ℓ−, both the inner and outer horizon pairs exist,

ℓ− < ℓ < ℓ+, only the outer horizon pair exists,

ℓ > ℓ+, the spacetime is horizonless.

(2.8)

At the critical value ℓ = ℓ−, the two inner horizons coalesce at the bounce surface r =

0. Likewise, when ℓ = ℓ+, the two outer horizons merge at r = 0, producing a critical
configuration with vanishing surface gravity that separates the black hole and wormhole
sectors. For ℓ > ℓ+, no Killing horizon is present, and the resulting regular geometry
describes a two-way traversable wormhole.

In the extremal case, Q2 + a2 = M2, the inner and outer horizon branches coincide.
For 0 < ℓ < M , the resulting degenerate horizons are located at

rH = ±
√
M2 − ℓ2. (2.9)

At the critical value ℓ = M , the two degenerate horizons coalesce at the bounce surface
r = 0. For ℓ > M , no real roots of ∆ = 0 exist, and the geometry describes a horizonless
two-way traversable wormhole. In the superextremal regime, Q2 + a2 > M2, the spacetime
possesses no Killing horizons for any value of ℓ. In contrast to the superextremal Kerr–
Newman geometry, however, the absence of horizons does not expose a curvature singularity.
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For ℓ > 0, the Kerr–Newman singularity is regularized by the black-bounce deformation,
and the resulting spacetime is a regular, horizonless geometry that can be interpreted as a
traversable wormhole.

For convenience in the following numerical analysis, we introduce the dimensionless
deformation parameter

η =
ℓ

ℓ+
, (2.10)

which measures the regularization scale relative to the critical value ℓ+ and therefore quanti-
fies the proximity of the geometry to the black hole–wormhole transition. This parametriza-
tion is well defined for Q2+a2 ≤ M2 at fixed M , a, and Q. The black hole sector corresponds
to 0 ≤ η < 1, while η = 1 identifies the critical configuration at which the outer horizons
coalesce at the bounce surface. Configurations with η > 1 lie in the horizonless wormhole
sector. Thus, within the black hole regime, increasing η drives the geometry toward the
black hole–wormhole transition. Using the horizon and surface gravity expressions derived
in [42], the outer horizon radius and surface gravity can be recast in terms of η as

r+ = ℓ+
√
1− η2, (2.11)

κ = κKN
√
1− η2, (2.12)

where

κKN =

√
M2 −Q2 − a2(

M +
√
M2 −Q2 − a2

)2
+ a2

(2.13)

is the surface gravity of the Kerr–Newman black hole with the same values of M , a, and
Q. The black-bounce deformation therefore reduces both the outer horizon radius and the
surface gravity relative to their Kerr–Newman counterparts. In the Kerr–Newman limit,
η → 0, one recovers

r+ → ℓ+, κ → κKN. (2.14)

By contrast, as the critical black hole–wormhole configuration is approached, η → 1−, both
quantities vanish.

2.2 Equations of motion for a spinning test particle

Within the pole–dipole approximation, the dynamics of a charged spinning test particle in
curved spacetime is governed by the MPD equations [40],

Dp̃µ

Dτ
= −1

2
Rµ

ναβu
ν S̃αβ + q̃Fµ

νu
ν , (2.15)

DS̃µν

Dτ
= p̃µuν − uµp̃ν , (2.16)
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where D/Dτ denotes the covariant derivative along the particle worldline, parametrized
by τ . The quantities p̃µ, uµ = dxµ/dτ , S̃µν , and q̃ represent the four-momentum, four-
velocity, antisymmetric spin tensor, and particle charge, respectively. In addition, Rµ

ναβ is
the Riemann curvature tensor, while Fµν = ∂µAν−∂νAµ is the electromagnetic field tensor.
We retain only the monopole electromagnetic interaction associated with the particle charge
and neglect electromagnetic dipole and higher-multipole couplings.

For convenience, we introduce the momentum, spin, and charge normalized by the
particle mass,

pµ =
p̃µ

m
, Sµν =

S̃µν

m
, q =

q̃

m
, (2.17)

where m denotes the particle mass. Since the MPD equations alone do not uniquely de-
termine the representative worldline of an extended spinning body, a spin supplementary
condition is required to fix the centroid [45–50]. In this work, we adopt the Tulczyjew–
Dixon spin supplementary condition (TDSSC) [45, 46]. This selects the centroid associated
with the zero-momentum frame. In terms of the mass-normalized momentum and spin
introduced above, the TDSSC retains the form

Sµνpν = 0. (2.18)

The normalized momentum and spin satisfy the invariant relations

pµpµ = −1, (2.19)
1

2
SµνS

µν = S2. (2.20)

Here, |S| denotes the spin magnitude per unit particle mass, while the sign of S specifies the
spin orientation relative to the z-axis. We choose S > 0 for spin aligned with the positive
z-direction and S < 0 for the corresponding antialigned configuration. This convention
allows the orientation dependence of the spin–curvature coupling to be encoded in a single
signed spin parameter.

We restrict the particle motion to the equatorial plane, θ = π/2, and take its spin
to be normal to this plane, i.e., parallel or antiparallel to the symmetry axis. This choice
is consistent with the reflection symmetry of the spacetime about the equatorial plane
and reduces the MPD dynamics to the symmetry-preserving equatorial sector considered
throughout this work. Accordingly, the polar component of the momentum vanishes, while
all spin-tensor components involving the θ direction are set to zero,

pθ = 0, Sθµ = 0. (2.21)

Thus, the spin tensor is completely characterized by the three components Stϕ, Str, and Srϕ.
These components are not independent, since they are constrained by the TDSSC together
with the normalization of the particle momentum and spin. Combining these conditions
with the normalization conditions in Eqs. (2.19) and (2.20), the nonvanishing components of
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the spin tensor can be expressed directly in terms of the covariant momentum components
as

Stϕ = 2σpr, Str = −2σpϕ, Srϕ = −2σpt, (2.22)

where

σ =
S

2

√
grr

(
g2tϕ − gttgϕϕ

) . (2.23)

Here S denotes the signed spin parameter of the particle, with its sign distinguishing the
two possible orientations with respect to the symmetry axis. The factor σ incorporates
both the spin magnitude and the local metric geometry, and therefore provides the ge-
ometrical normalization relating the spin-tensor components to the particle momentum.
Equations (2.21)–(2.22) consequently reduce the spin degrees of freedom to a single signed
parameter S, which considerably simplifies the subsequent derivation of the conserved quan-
tities and equations of motion.

The stationarity and axisymmetry of the spacetime are generated by the Killing vector
fields, ξa(t) =

(
∂
∂t

)a and ξa(ϕ) =
(

∂
∂ϕ

)a
, respectively. These symmetries give rise to the

conserved energy and total angular momentum. On the equatorial plane, these conserved
quantities are given by

E = −pt + σptg
′
tϕ − σpϕg

′
tt − qAt, (2.24)

J = pϕ + σpϕg
′
tϕ − σptg

′
ϕϕ + qAϕ, (2.25)

where a prime denotes differentiation with respect to r. Here, E and J denote the specific
energy and specific total angular momentum, respectively. The latter contains contribu-
tions from the orbital motion, the particle spin, and the electromagnetic coupling. With
the standard orientation of the azimuthal coordinate, J > 0 and J < 0 label total an-
gular momentum directed along and opposite to the positive z-axis, respectively. Solving
Eqs. (2.24) and (2.25) for the covariant momentum components pt and pϕ, we obtain

pt = −
(1 + σg′tϕ) (E + qAt) + σg′tt (J − qAϕ)

1− σ2

((
g′tϕ

)2
− g′ttg

′
ϕϕ

) , (2.26)

pϕ =
(1− σg′tϕ) (J − qAϕ)− σg′ϕϕ (E + qAt)

1− σ2

((
g′tϕ

)2
− g′ttg

′
ϕϕ

) . (2.27)

The common denominator in the above equations must remain nonzero within the physically
admissible region. The radial momentum follows from the mass-shell condition pµpµ = −1.
On the equatorial plane, substituting Eqs. (2.26) and (2.27) gives
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p2r = grr

(
−1 +

gϕϕp
2
t − 2gtϕptpϕ + gttp

2
ϕ

g2tϕ − gttgϕϕ

)
, (2.28)

which determines the radial momentum in terms of the conserved quantities and particle
parameters and provides the basis for analyzing the radial dynamics and constructing the
corresponding effective potential.

For a spinning particle, its four-momentum pµ is, in general, not parallel to the four-
velocity uµ. The coordinate velocities must therefore be obtained independently from the
spin-evolution equation rather than being identified directly with ratios of momentum com-
ponents. Taking the coordinate time t as the evolution parameter and defining ṙ = dr/dt

and ϕ̇ = dϕ/dt, and considering the Eq. (2.17), Eq. (2.16) gives

DStr

Dt
= ptṙ − pr

= σ
(
RϕtαβS

αβ +RϕrαβS
αβ ṙ +RϕϕαβS

αβϕ̇
)
+ 2qσA′

ϕṙ, (2.29)

DStϕ

Dt
= ptϕ̇− pϕ

= −σ
(
RrtαβS

αβ +RrrαβS
αβ ṙ +RrϕαβS

αβϕ̇
)
+ 2qσ

(
A′

t +A′
ϕϕ̇
)
. (2.30)

In obtaining the second equalities in Eqs. (2.29) and (2.30), we have used the momentum-
evolution equation (2.15) together with the spin-tensor components in Eq. (2.22). These
relations form a coupled linear system for ṙ and ϕ̇. Solving this system gives

ṙ =
b1
a1

, (2.31)

ϕ̇ =
b2
a2

, (2.32)

where

a1 = a2 = pt +
S

2R4

(
ptSA− apϕSB + 2aqQrR2

)
, (2.33)

b1 = pr − rprS2

2R3

(
2r
(
a2 −∆

)
+R∆′

)
, (2.34)

b2 = pϕ − S

2R4

(
pϕSC − aptSD − 2qQrR2

)
, (2.35)
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with

R = ℓ2 + r2, (2.36)

A = 2
(
a2
(
4r2 − ℓ2

)
+R

(
r2 − ℓ2

)) (
∆− a2

)
− rR

(
5a2 +R

)
∆′ + a2R2∆′′, (2.37)

B = 2
(
a2
(
4r2 − ℓ2

)
+ 2R

(
2r2 − ℓ2

)) (
∆− a2

)
+ 2ℓ2R2

−R
(
a2 +R

)
(5r∆′ −R∆′′), (2.38)

C = 2
(
a2
(
4r2 − ℓ2

)
+R

(
3r2 − ℓ2

)) (
∆− a2

)
− rR

(
5a2 + 4R

)
∆′

+R2
(
a2 +R

)
∆′′, (2.39)

D = 2
(
4r2 − ℓ2

) (
∆− a2

)
− 5rR∆′ +R2∆′′. (2.40)

After imposing the TDSSC and expressing the four-velocity in terms of the momentum, the
terms proportional to qQS arise from the interplay between the electromagnetic interaction
and the spin-dependent momentum–velocity relation, whereas the terms quadratic in S

reflect curvature-induced corrections associated with the spin–curvature coupling. Since
the radial effective potential and the stability of circular orbits are determined by the
radial dynamics, the following analysis will primarily focus on Eq. (2.31).

2.3 Orbital instability and Lyapunov exponent

The local radial stability of a circular trajectory can be characterized by the LE, which
measures the rate at which a small radial displacement departs from the reference orbit [51].
Choosing the coordinate time as the evolution parameter, we rewrite the radial equation in
the form

1

2
mṙ 2 + Veff(r) = 0, (2.41)

with Veff(r) = −m
2

(
b1
a1

)2
, where Eq. (2.31) has been used. Although Veff is constructed

directly from the coordinate-time radial velocity, it provides a useful local description of
the radial dynamics. For fixed black hole parameters and particle parameters J and S,
the conserved energy E is not prescribed independently. Instead, E and the circular orbit
radius r0 are determined simultaneously for each parameter set from the conditions

Veff(r0) = 0,
∂Veff (r)

∂r

∣∣∣∣
r=r0

= 0. (2.42)

The sign of the second derivative distinguishes stable and unstable configurations. In the
present analysis, we focus on unstable circular orbits satisfying

∂2Veff (r)

∂r2

∣∣∣∣
r=r0

< 0. (2.43)

To extract the corresponding instability rate, we perturb the orbit as r(t) = r0 + ϵ(t),
with |ϵ| ≪ r0. Expanding Eq. (2.41) around r0 and retaining terms up to quadratic order
gives
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1

2
mϵ̇ 2 +

1

2
V ′′
eff(r0)ϵ

2 = 0. (2.44)

Taking another derivative of the above equation with respect to the coordinate time, we
obtain

mϵ̈+ V ′′
eff(r0)ϵ = 0, (2.45)

which can be equivalently written as ϵ̈− λ2ϵ = 0, where

λ2 = − 1

m
V ′′
eff(r0) =

1

2

d2

dr2

(
b1
a1

)2
∣∣∣∣∣
r=r0

(2.46)

is the squared LE characterizing the local radial instability of the circular orbit [24, 52].
For an unstable orbit, V ′′

eff(r0) < 0 and hence λ2 > 0, yielding ϵ(t) ∝ e±λt. The growing
mode describes the radial instability, while λ−1 sets its characteristic time scale.

3 Horizon–orbit scale competition and chaos bound violation

Using Eqs. (2.12) and (2.46), we numerically compare the LE characterizing the local radial
instability with the black hole surface gravity and examine the corresponding chaos bound
behavior. The numerical results are presented in Figs. 1–5. We define ∆λκ ≡ λ2 − κ2, such
that ∆λκ ≤ 0 corresponds to satisfaction of the bound, whereas ∆λκ > 0 signals violation.
Unless stated otherwise, the parameters are fixed at M = 1.00, Q = 0.77, a = 0.50,
S = 0.10, and q = 0.10.

Figure 1 illustrates the effects of the dimensionless deformation parameter η on the
orbital-instability scale, the surface gravity, and the coordinate separation between the
unstable circular orbit and the outer horizon. Panels (a) and (b) show the squared LE and
the squared surface gravity as functions of the deformation parameter for J = −6.00 and
J = 6.00, respectively. In both cases, λ2 and κ2 decrease as the black-bounce regularization
becomes stronger, with the latter decreasing substantially more rapidly. In the weakly
deformed regime, κ2 > λ2 and the chaos bound is therefore satisfied. As the regularization
strength increases, the two quantities become equal at critical values η = η01 and η = η02
in panels (a) and (b), respectively, beyond which λ2 > κ2 and the bound is violated. An
important feature of this behavior is that the LE itself is not enhanced by the deformation;
rather, it decreases together with the surface gravity. The onset of violation therefore
does not result from an absolute enhancement of the local orbital-instability, but from
the different responses of this instability and surface gravity scales to the black-bounce
regularization. As the deformation increases, κ2 decreases more rapidly than λ2, so that
their ordering is eventually reversed. Equivalently, the surface gravity scale is suppressed
more strongly than the local orbital-instability scale. Consequently, although the absolute
growth rate of radial perturbations decreases, it becomes progressively larger relative to
the surface gravity scale, eventually yielding λ2 > κ2. Panels (a) and (b) thus provide
a clear example of a background-controlled route to chaos bound violation, in which the
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Figure 1. Effects of the dimensionless deformation parameter η on the squared LE, squared surface
gravity, and orbit–horizon separation for the two angular momentum branches.

deformation alters the relative balance between the two characteristic scales. This behavior
is consistent with the geometric mechanism discussed in the recent study [31] and shows
how such a scale imbalance can arise in the black-bounce–Kerr–Newman geometry.

Panels (c) and (d) show the coordinate separation r0 − r+ between the unstable cir-
cular orbit and the outer horizon for the two angular momentum branches. In both cases,
this separation increases monotonically with the deformation parameter. The increase is
relatively mild in the weakly deformed regime but becomes progressively more pronounced
as the regularization strengthens and the geometry approaches the black hole–wormhole
transition. Thus, in the adopted radial coordinate, the unstable orbit does not move pro-
gressively closer to the horizon as the deformation increases; instead, the orbit–horizon
separation grows. A pronounced branch dependence is also evident in its magnitude. Over
the parameter range considered, the minimum value of r0 − r+ is approximately 2.162 for
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J = −6.00, whereas it is only about 0.264 for J = 6.00. The unstable orbit on the negative
angular momentum branch therefore remains substantially farther from the outer horizon
than that on the positive angular momentum branch. Despite this marked difference, both
branches exhibit the same qualitative transition from the bound-satisfying to the bound-
violating regime as the regularization increases. This comparison indicates that the onset
of violation is not determined solely by the coordinate proximity of the unstable orbit to
the horizon.

The four panels consistently point to a common physical picture governed by the com-
petition between the orbital-instability and surface gravity scales. The black-bounce defor-
mation reduces both the LE and the surface gravity, but suppresses the latter more strongly.
Meanwhile, the increasing orbit–horizon separation shows that the bound-violating regime
is not associated with a progressive approach of the unstable orbit to the horizon. The vio-
lation is therefore more naturally attributed to the deformation-induced imbalance between
the two characteristic scales, rather than to an absolute enhancement of the local orbital
instability or simply to the coordinate proximity of the unstable orbit to the horizon.
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Figure 2. Effect of the black hole charge on ∆λκ.

Figure 2 examines the influence of the black hole charge on chaos bound violation.
Since the critical regularization scale ℓ+ depends on the black hole charge, fixing η = ℓ/ℓ+
while varying the black hole charge would simultaneously change the physical regularization
scale ℓ. We therefore fix several values of ℓ and plot ∆λκ as a function of the charge. As
shown in panel (a), the deviation increases overall with the black hole charge along this
angular momentum branch and changes sign once a charge-dependent threshold is crossed.
Increasing the charge therefore drives the system progressively toward, and eventually into,
the bound-violating regime. At fixed charge, a larger regularization scale generally produces
a larger deviation, indicating that both the black hole charge and the black-bounce regular-
ization tend to increase ∆λκ along this branch. Since both parameters modify the horizon
structure as well as the local geometry governing the unstable circular orbit, their com-
bined effect changes the relative balance between the surface gravity and orbital-instability
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scales in a direction that favors violation. Panel (a) therefore provides another example
of a background-controlled realization of chaos bound violation, where variations of the
background parameters modify the two characteristic scales and shift their relative balance
toward the violating regime. At larger charge, the curves corresponding to different regu-
larization scales gradually converge, indicating that the sensitivity of the bound behavior
to the black-bounce regularization becomes progressively weaker over the parameter range
considered. Panel (b) shows the corresponding behavior after reversing the direction of the
particle angular momentum while keeping its magnitude fixed. In contrast to the mono-
tonic trend in panel (a), the deviation first increases and then decreases as the charge grows.
This nonmonotonic behavior indicates that the relative balance between the surface gravity
and orbital-instability scales depends nontrivially on the angular momentum branch. At
relatively small charge, their combined effect shifts the system toward larger deviations
and hence toward the bound-violating regime. As the charge increases further, however,
this tendency weakens and eventually reverses, leading to a decrease in ∆λκ. The curves
again approach one another in the large charge regime, showing that the influence of the
regularization scale becomes progressively less pronounced.

Taken together, panels (a) and (b) demonstrate that the effect of the black hole charge
on the chaos bound is strongly branch dependent. On one angular momentum branch,
increasing the charge and the regularization both shift the system toward violation, giving
rise to an overall monotonic increase in ∆λκ, whereas on the opposite branch their combined
influence produces a nonmonotonic response. Despite this difference, both panels show
a reduced sensitivity to the regularization scale at sufficiently large charge. Within the
parameter range considered, the convergence of the curves indicates that the sensitivity
of ∆λκ to the regularization scale becomes progressively weaker as the black hole charge
increases.
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Figure 3. Effect of the particle’s total angular momentum on ∆λκ.
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Figure 3 shows the deviation ∆λκ = λ2 − κ2 as a function of the particle total angular
momentum J . Since each curve corresponds to a fixed background, the surface gravity κ

remains unchanged. Therefore, the dependence of ∆λκ on the total angular momentum
directly reflects the variation of squared LE. The behavior of the chaos bound along a given
angular momentum scan is consequently determined by changes in the unstable circular
orbit and its local radial instability, rather than by any variation of the surface gravity
scale. Below a branch-dependent threshold in |J |, no admissible unstable circular orbit
exists. Once this threshold is reached, a local maximum of the radial effective potential
appears and an unstable circular orbit becomes available. Near the onset of each branch,
the LE remains below the surface gravity and the chaos bound is satisfied. As |J | increases,
the local radial instability generally strengthens and λ2 increases, eventually approaching
or exceeding the squared surface gravity scale on those branches for which violation oc-
curs. The increase is relatively pronounced at moderate angular momentum but becomes
progressively weaker in the large-|J | regime. These results show that, for a fixed spacetime
background, the particle total angular momentum controls the local orbital instability by
shifting the unstable circular orbit and modifying the local curvature of the effective poten-
tial. Since the surface gravity remains unchanged, the transition from the bound-satisfying
to the bound-violating regime along a given angular momentum scan originates solely from
the change in the instability scale. This behavior therefore identifies a probe-dynamics-
controlled realization of chaos bound violation, in which the bound is crossed through the
enhancement of the orbital-instability scale at fixed surface gravity.

The black-bounce regularization nevertheless has an important influence on this tran-
sition. Comparing curves corresponding to different values of the deformation parameter
shows that, at a given angular momentum, ∆λκ depends sensitively on the background
geometry, while the critical angular momentum for chaos-bound violation also shifts as the
regularization is varied. This reflects the fact that the deformation changes not only the
location and local properties of the unstable circular orbit but also, when different back-
grounds are compared, the horizon structure and the surface gravity. The two effects should
therefore be distinguished. Along a fixed background scan, varying the angular momen-
tum changes the local instability scale while leaving the surface gravity scale unchanged;
changing the deformation parameter, by contrast, changes both the orbital-instability and
surface gravity scales associated with the background and therefore shifts the angular mo-
mentum threshold for violation. Figure 3 thus provides a complementary view of the same
competition identified in Figs. 1 and 2: the relative magnitude of the orbital-instability and
surface gravity scales is determined jointly by the particle dynamics and the underlying
spacetime geometry.

A pronounced directional dependence is also observed between the two angular mo-
mentum branches. As |J | increases, admissible unstable circular orbits appear at different
angular momentum magnitudes on the two branches, demonstrating that the orbit-existence
condition itself depends on the direction of the particle motion relative to the rotating back-
ground. Within the range where both branches coexist, the branch directed opposite to the
positive z-axis exhibits a smaller λ2 at relatively small |J |, whereas this ordering reverses
as |J | increases. This crossover reflects the combined dependence of the local instability on
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the angular momentum, the orbital location, and the curvature of the effective potential in
the rotating geometry, rather than on the sign of angular momentum alone. Consequently,
the two branches approach the surface gravity scale differently and exhibit distinct critical
angular momenta for chaos bound violation. For example, at η = 0.00, 0.25, and 0.50, the
branch directed along the positive z-axis remains within the bound over the corresponding
parameter range, whereas the opposite branch can already enter the bound-violating regime.
The resulting asymmetry highlights the directional dependence of the particle dynamics in
the rotating spacetime and explains why the two orbital branches respond differently to
otherwise identical background parameters.
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Figure 4. Dependence of the squared LE and critical angular momentum on the particle spin for
η = 0.90.

Figure 4 further examines the influence of the particle spin on the chaos bound behav-
ior of the unstable circular orbits considered in Fig. 3. Since the black hole background
is held fixed, the surface gravity remains unchanged, and the spin dependence is entirely
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associated with modifications of the local orbital dynamics. As shown in panel (a), the
squared LE increases as the particle spin varies from negative to positive values along the
first angular momentum branch. Within the spin convention adopted here, this behav-
ior indicates that spin–curvature coupling enhances the radial instability for positive spin
and suppresses it for negative spin. The instability also increases with the magnitude of
the total angular momentum, and once a spin-dependent threshold is reached, the squared
LE exceeds the squared surface gravity and the bound is violated. The effect of spin on
the threshold is made explicit in panel (b), where the critical angular momentum |J−

c | de-
creases monotonically as the spin becomes more positive. Within the spin range considered
and under the convention adopted here, positive spin enhances the local radial instability,
whereas negative spin suppresses it. Panels (c) and (d) display the corresponding behavior
on the opposite angular momentum branch. The same qualitative trend persists: increasing
the spin strengthens the local radial instability and lowers the critical angular momentum
for violation. The quantitative response, however, differs between the two branches. This
asymmetry reflects the directional dependence of the spin-induced corrections to the or-
bital dynamics in the rotating spacetime. Through spin–curvature coupling, variations in
the spin modify the location and local properties of the unstable circular orbit, while the
rotation of the background makes these corrections sensitive to the direction of the orbital
motion. Consequently, the same change in spin produces different shifts in the exponent
and in the critical angular momentum on the two branches.

Figure 4 thus shows that the particle spin acts as a systematic regulator of the lo-
cal orbital instability at fixed background geometry, thereby shifting the critical angular
momentum for the violation. Within the parameter range considered, the total angular
momentum provides the main variation of the instability along the scans shown, whereas
spin–curvature coupling regulates the local instability and shifts the angular momentum
threshold at which the chaos bound is violated. Positive spin shifts this transition toward
smaller angular momentum magnitudes, whereas negative spin shifts it in the opposite direc-
tion. The magnitude of this spin-induced shift is itself branch dependent, further indicating
that the response of the unstable orbit is sensitive to the orientation of the particle motion
and spin relative to the background rotation. Thus, the spin does not constitute a sepa-
rate mechanism from the probe-dynamics-controlled route; rather, through spin–curvature
coupling, it acts as a branch-dependent regulator of the local orbital-instability scale and
thereby modifies how readily this scale reaches and exceeds the fixed surface gravity scale.

Figure 5 examines the influence of the particle charge on the chaos bound behavior of
unstable circular orbits for a fixed black hole background. Since the horizon geometry and
surface gravity remain unchanged, the charge dependence arises entirely from the modifica-
tion of the orbital dynamics through the electromagnetic coupling. Panel (a) corresponds to
the branch for which the particle total angular momentum is directed opposite to the pos-
itive z-axis. For all angular momenta considered, the squared LE increases monotonically
as the particle charge varies from negative to positive values. Within the charge convention
and parameter range adopted here, a more positive particle charge therefore strengthens
the local radial instability on this branch. For J = −3.80, the exponent remains below
the surface gravity throughout the charge interval, whereas for J = −4.40 the bound is
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Figure 5. Dependence of the squared LE and critical angular momentum on the particle charge
for η = 0.90.

violated over the entire interval. At intermediate angular momenta, the two scales cross at
a charge-dependent threshold, showing that variation of the particle charge alone can drive
the unstable orbit from the bound-satisfying to the bound-violating regime while the surface
gravity remains fixed. This trend is quantified in panel (b), where the critical angular mo-
mentum |J−

c | decreases as the particle charge becomes more positive. The electromagnetic
interaction therefore lowers the angular momentum threshold for violation in the positive
charge direction, whereas more negative charge shifts the transition toward larger |J |.

Panels (c) and (d) show the corresponding behavior on the opposite angular momen-
tum branch. The same qualitative charge dependence persists: increasing the particle
charge enhances the local radial instability and reduces the critical angular momentum at
which the bound is crossed. The quantitative response, however, differs between the two
branches. The quantitative sensitivity of squared LE to the particle charge differs between
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the two angular momentum branches. This asymmetry indicates that the charge-induced
modification of the unstable orbit dynamics is sensitive to the direction of the particle mo-
tion relative to the rotating background. The resulting instability is therefore governed by
the combined dependence on the particle charge and angular momentum, together with
the branch-dependent orbital location and local structure of the effective potential in the
rotating geometry.

Figure 5 therefore demonstrates that, at fixed background geometry, the electromag-
netic interaction associated with the particle charge modifies the local orbital instability
and consequently shifts the threshold for chaos bound violation. A more positive charge
facilitates the transition by increasing the local instability and lowering the critical |J |,
whereas a more negative charge delays its onset. The magnitude of this charge-induced
shift is branch dependent, further illustrating the directional sensitivity of charged-particle
dynamics in a rotating spacetime. Thus, as in the case of particle spin, the charge does not
constitute a separate mechanism from the probe-dynamics-controlled route; rather, it acts
as a branch-dependent electromagnetic regulator of the local orbital-instability scale and
thereby modifies how readily this scale reaches and exceeds the fixed surface-gravity scale.
Taken together, these results show that, within the parameter ranges considered, the total
angular momentum produces the dominant variation in the local radial instability, while
the particle spin and charge mainly shift the instability and the corresponding threshold
for chaos bound violation.

4 Discussion and conclusion

In this paper, we have investigated the local radial instability of charged spinning test
particles on unstable circular orbits in the black-bounce–Kerr–Newman spacetime and ex-
amined the chaos bound by comparing the LE with the black hole surface gravity. Our
results indicate that the behavior of the bound is controlled by the competition between
the orbital-instability and horizon scales. Depending on whether the background or par-
ticle parameters are varied, the system can cross the threshold λ2 = κ2 through either a
background-controlled or a probe-dynamics-controlled route.

When the black hole background is varied, both the surface gravity scale and the
unstable orbit dynamics respond to the change in the spacetime geometry. An important
result is that chaos bound violation does not necessarily require an enhancement of the local
orbital instability. In particular, increasing the black-bounce regularization reduces both
the squared LE and squared surface gravity, with the squared surface gravity decreasing
more rapidly than the squared LE. Consequently, the system can cross from λ2 < κ2 to
λ2 > κ2 even though the unstable orbit itself becomes locally less unstable. The violation
is therefore governed by the relative response of the two characteristic scales rather than
by the absolute magnitude of the LE alone. Moreover, the increase in the coordinate
separation r0 − r+ shows that this behavior cannot be attributed simply to a progressive
approach of the unstable orbit toward the event horizon. This behavior is conceptually
related to the geometric mechanism emphasized in Ref. [32], while the present analysis
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demonstrates how an analogous imbalance between the orbital and horizon scales arises in
the black-bounce–Kerr–Newman geometry.

A complementary behavior emerges when the black hole background is held fixed.
In this case, the horizon geometry and hence the surface gravity remain unchanged, so
that the variation of λ2 − κ2 is entirely controlled by the particle dynamics. Within the
parameter ranges considered, the total angular momentum produces the dominant variation
in the local radial instability and can drive the system across the threshold λ2 = κ2. The
particle spin and charge further modify the local orbital instability through spin–curvature
and electromagnetic couplings, respectively, thereby shifting both the LE and the critical
conditions for the violation. These effects are branch dependent because the response of
the unstable orbit dynamics to spin and charge depends on the direction of the particle
motion relative to the rotating background, leading to different instability strengths and
violation thresholds for the two orbital branches. Thus, at fixed background, the bound
can be violated through a probe-dynamics-controlled route while the horizon structure and
surface gravity remain unchanged.

These two behaviors are different manifestations of the same underlying two-scale com-
petition. Background deformations can move both the surface gravity and LE and produce
a crossing when their responses become sufficiently unequal, whereas variations of the parti-
cle degrees of freedom primarily modify the orbital-instability scale at fixed surface gravity.
Hence, the condition λ2 > κ2 should not in general be interpreted as evidence for an abso-
lute enhancement of the local orbital instability. It may instead result either from a stronger
suppression of the surface gravity scale or from an enhancement of the orbital-instability
scale relative to a fixed horizon scale. This unified picture provides a common interpretation
of the different parameter dependences found in the background and probe sectors. Finally,
the condition λ2 > κ2 characterizes only the local radial instability of an unstable circular
orbit within the symmetry-reduced sector considered here and does not by itself establish
global chaotic dynamics in the full phase space. Our analysis is restricted to equatorial
motion with a prescribed spin configuration and therefore does not include generic polar
motion, spin precession, or couplings among radial, vertical, and spin perturbations. Ex-
tending the analysis to generic nonequatorial trajectories and to coupled perturbations of
the full MPD system would provide a more complete test of whether the local instability
behavior identified here persists in the global dynamics of charged spinning particles.
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